57-th Polish Mathematical Olympiad 2005/06

Third Round
Piotrkow Trybunalski, April 5-6, 2006

First Day

1. solve in real numbeig b, c,d, e the system of equations:

a?=Db3+c3
b? =c®+d3,
c=d3+é,
d’>=éed+a’
e =a’+hbd

2. Find all positive integers for which the number'3+ 5 is a power of an integer
with the exponent greater than 1.

3. A convex hexago®BCDE with AC = DF, CE = FB, andEA = BD is given.
Prove that the lines joining the midpoints of opposite siofethis hexagon meet
in a point.

Second Day

4. The following operation is performed on a triple of nunghéiwo of the numbers
are chosen and replaced by their sum and product, while tfterthmber is left
unchanged. Decide whether, starting from the tri{8ge4,5) and performing
finitely many such operations, we can obtain another tripleummbers which
are the side lengths of a right triangle.

5. The inscribed sphere of a tetrahedABCD with AB = CD touches the faces
ABC andABD atK andL, respectively. Prove that K andL are the centroids
of the corresponding faces, th&BCD is a regular tetrahedron.

6. Find all pairs of integerg§a,b) for which there exists a polynomi&l(x) with
integer coefficients such that the prodet + ax+ b)P(x) is a polynomial of
the form

X"+ X ex g,

where each ofy,...,c, 1 is equalto 1 or1.
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