
43-rd Polish Mathematical Olympiad 1991/92

Third Round

First Day

1. SegmentsAC andBD intersecxt atP so thatPA = PD andPB = PC. If O is the
circumcenter of trianglePAB, prove thatOP is perpendicular toCD.

2. Find all functionsf : Q+ → Q+ such that for allx ∈ Q+,

f (x +1) = f (x)+1 and f (x3) = f (x)3
.

3. If a1,a2, . . . ,ar are arbitrary real numbers, prove the inequality
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m+ n
≥ 0.

Second Day

4. The sequence of functionsfn : R → R is defined byf0(x) = 8 and

fn+1(x) =
√

x2 +6 fn(x) for all x.

For every integern ≥ 0, solve the equationfn(x) = 2x.

5. The base of a regular pyramid is a regular 2n−gonA1A2 . . .A2n. A sphere passing
through the top vertexS intersects the lateral edgeSAi at Bi for i = 1,2, . . . ,2n.

Prove that
n

∑
i=1

SB2i−1 =
n

∑
i=1

SB2i.

6. Prove that for each positive integerk, (k3)! is divisible by(k!)k2+k+1.
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