
45-th Polish Mathematical Olympiad 1993/94

Third Round
Warszawa, April 10–11, 1994

First Day

1. Determine all triples(x,y,z) of positive rational numbers such thatx + y + z,
1
x

+
1
y

+
1
z

andxyz are all integral.

2. Let be given two parallel linesk and l, and a circle not intersectingk. Two
tangents from a variable pointA ∈ k to the circle intersect the linel at B andC.
Let m be the line throughA and the midpoint ofBC. Prove that all the linesm
(asA varies) have a common point.

3. Given a fixed integerc ≥ 1, let a(n) be the number of mappingsw from the
subsets of{1,2, . . . ,n} to the integers 1,2, . . . ,c such that

w(A∩B) = min{w(A),w(B)} for any two subsetsA,B of {1, . . . ,n}.

Compute limn→∞
n
√

a(n).

Second Day

4. We are given three vessels without the scale: two of them ofcapacitiesm andn
liters are empty, and the third one of capacitym+ n liters is full of water, where
m andn are coprime positive integers. Prove that for anyk = 1,2, . . . ,m+ n−1,
pouring out from one vessel into another, we can obtain exactly k liters of water
in the third vessel.

5. LetO be the center of a parallelopipedA1A2 . . .A8. Prove that

4
8

∑
i=1

OA2
i ≤

(

8

∑
i=1

OAi

)2

.

6. Let x1,x2, . . . ,xn (n ≥ 4) be different real numbers which satisfy the conditions
n

∑
i=1

xi = 0 and
n

∑
i=1

x2
i = 1. Show that there exist four of these numbers, say

a,b,c,d, such that

a + b + c + nabc≤
n

∑
i=1

x3
i ≤ a + b + d+ nabd.
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www.imomath.com


