47-th Polish Mathematical Olympiad 1995/96

Third Round
March 29-30, 1996

First Day

1. Determine all positive integersand real numbers such that the polynomial
2x2 + 2x+ 1 divides(x+1)" —r.

2. LetP be an interior point of a triangl&BC such that/PBC = /PCA < /PAB.
The line BP intersects the circumcircle &BC again at poinE. The circum-
circle of triangleAPE intersectsCE again atF. Prove thatAPEF is a convex
guadrilateral and that the ratio of its area to the area ofrtaegle ABP does not
depend on the choice &%

3. Letas,ay,...,ay be positive numbers with the sum 1.
(a) Prove that for any positivg, X, . .., X, with the sum 1 it holds that

n-2 0 ax?
X < — = .
Z_Zx.xJ < n_1+i;1_a

i<]

(b) In the above inequality, determine all cases of equality
Second Day
4. Suppose that a tetrahedr8BCD is such that/BAC = Z/ACD and Z/CDB =

/DBA. Prove thatAB = CD.

5. For a natural numbés, we denote byp(k) the least prime number that does not
divide k. Let us defineq(n) as the product of all primes smaller tharfk) if
p(k) > 2, and as 1 otherwise. The seque(g is given byxo = 1 and

XnP(Xn) forn=0,1,2, ...
q(xn) 9 9 9

Determine all positive integerswith x, = 111111.

n+1=—

6. Consider the collection of all permutatiohsf the set{1,2, ..., n} which satisfy
f(i) >i—1foralli. Letp, be the probability that a randomly chosen permutation
from this collection also satisfiel{i) < i+ 1 for alli. Determine alh for which

pn>1/3.
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