Romanian Team Selection Tests 1993

Selection Test for Balkan MO
Constanta

1. Consider the sequenge= (1+i)(2+1i)---(n+1i). Prove that the sequenceim
contains infinitely many positive and infinitely many negathumbers.

2. The circumcircle and incircle of a trianghBC have radiiR andr respectively.
R : . .
Denoted = rrTQ Prove that there exists a triandMF such that for any point
M inside AABC there is a poinX on the sides oDEF such thaMX < d.

3. Show that the s€tl,2,...,2"} can be partitioned in two classes, none of which
contains an arithmetic progression of length 2

4. Prove that the equatidr+y)" = xX™+y™ has a unique solution in integers with
X>y>0andmn> 1.

First Test for IMO
Bucuresti, June 1

1. Find the greatest numbAr> 0 such that for all positive real numbety, z,
X y z
+ + >A
\/y2+22 \/22+X2 \/X2+y2

2. If x,y,z are integers such that +y? + 22 = 1993, prove thak+y+ zis not a
perfect square.

3. Suppose that each of the diagonals, BE,CF divides the hexagoABCDEF
into two parts of the same area and perimeter. Does the hexagpessarily have
a center of symmetry?

4. Let# be the family of all subsets o = {1,2,...,n} (n> 1) and letf : # — X
be an arbitrary mapping. Prove that there exist distincsstgf, B of X such
that f (A) = f(B) = maxAAB, whereAAB = (A\ B) U (B\ A).

Second Test for IMO
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1. Let f : R™ — R be a strictly increasing function such th:ﬁt<%/> <

fX+1) for all x,y > 0. Prove that the sequeneg = f(n) (n € N) does
not contain an infinite arithmetic progression.
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2. For coprime integens > n > 1 consider the polynomials
fo)=xM"_xX™1_x41 and g(x)=x"™"Hx"1 x4 1
If f andg have a common divisor of degree greater than 1, find thisativis

3. Find all integers > 1 for which there is a se# of n points in the plane such
that for anyA € % there are three poinds,Y,Z € Z with AX =AY = AZ =1.

4. For each integer> 3 find all quadrupleéns, ny, n3, ns) of positive integers with
Ny + Nz + N3+ ng = n which maximize the expression

W SR () + (%) rong nang.
n1'naing!ng!

Third Test for IMO
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1. Define the sequenc®,) as follows: the first term is 1, the next two argi2the
next three are 7,9, the next four are 102,14,16, and so on. Expresg as a
function ofn.

2. Suppose thdD,E,F are points on sideBC,CA, AB of a triangleABC respec-
tively such thaBD = CE = AF and Z/BAD = /CBE = ZACF. Prove that the
triangleABC is equilateral.

3. Let p > 5 be a prime number. Prove that for any partition of the Agt=
{1,2,...,p—1} in three subsets there exist numbgrg z, each belonging to
a distinct subset, such that- y = z (mod p).
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