
28-th All-Russian Mathematical Olympiad 2002

Final Round – Maykop, April 21–29

Grade 9

First Day – April 23

1. Can the numbers from 1 to 20022 be written in the squares of a 2002× 2002
board in such a way that, for each square, there exist three numbers in the union
of its row and its column, one of which is the product of the other two.(N. Agakhanov)

2. PointA lies on one ray and pointsB,C lie on the other ray of an angle with the
vertex atO such thatB lies betweenO andC. Let O1 be the incenter of△OAB
andO2 be the center of the excircle of△OAC touching sideAC. Prove that if
O1A = O2A, then the triangleABC is isosceles.

(L. Emelyanov)

3. On a plane are given 6 red, 6 blue, and 6 green points, such that no three of the
given points lie on a line. Prove that the sum of the areas of the triangles whose
vertices are of the same color does not exceed quarter the sumof the areas of all
triangles with vertices in the given points.

(Y. Lifshits)

4. A hydra consists of several heads and several necks, whereeach neck joins two
heads. When a hydra’s headA is hit by a sword, all the necks from headA
disappear, but new necks grow up to connect headA to all the heads which
weren’t connected toA. Heracle defeats a hydra by cutting it into two parts
which are not joined. Find the minimumN for which Heracle can defeat any
hydra with 100 necks by no more thanN hits.

(Y. Lifshits)

Second Day – April 24

5. There are eight rooks on a chessboard, no two attacking each other. Prove that
some two of the pairwise distances between the rooks are equal. (The distance
between two rooks is the distance between the centers of their cells.)(D. Kuznetsov)

6. We are given one red andk > 1 blue cells, and a pack of 2n cards numerated
by the numbers from 1 to 2n. Initially, the pack is situated on a red cell and
arranged in an arbitrary order. In each move, we are allowed to take the top card
from one of the cells and place it either onto the top of another cell on which the
number on the top card is greater by 1, or onto an empty cell. Givenk, what is
the maximaln for which it is always possible to move all the cards onto a blue
cell? (A. Belov)
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7. LetO be the circumcenter of a triangleABC. PointsM andN are chosen on the
sidesABandBC respectively so that 2∠MON= ∠AOC. Prove that the perimeter
of triangleMBN is not less than the length of sideAC. (S. Berlov)

8. From the interval(22n,23n) are selected 22n−1+1 odd numbers. Prove that there
are two among the selected numbers, none of which divides thesquare of the
other. (S. Berlov)

Grade 10

First Day

1. The polynomialsP,Q,R with real coefficients, one of which is of degree 2 and
two of degree 3, satisfy the equalityP2+Q2 = R2. Prove that one of the polyno-
mials of degree 3 has three real roots. (A. Golovanov)

2. A quadrilateralABCDis inscribed in a circleω . The tangent toω atA intersects
the rayCBat K, and the tangent toω at B intersects the rayDA at M. Prove that
if AM = AD andBK = BC, thenABCD is a trapezoid. (S. Berlov)

3. Prove that for every integern > 10000 there exists an integerm such that it can
be written as the sum of two squares, and 0< m−n < 3 4

√
n.

(A. Golovanov)

4. There are 2002 towns in a kingdom. Some of the towns are connected by roads
in such a manner that, if all roads from one city close, one canstill travel between
any two cities. Every year, the kind chooses a non-selfintersecting cycle of roads,
founds a new town, connects him by roads with each city from the chosen cycle,
and closes all the roads from the cycle as useless. After several years, no non-
selfintersecting cycles remained. Prove that at that momentthere are at least
2002 towns, exactly one road going out from each of them. (A. Pastor)

Second Day

5. The sum of positive numbersa,b,c equals 3. Prove that

√
a+

√
b+

√
c≥ ab+bc+ac. (S. Zlobin)

6. Problem 6 for Grade 9.

7. Let A′ be the point of tangency of the excircle of a triangleABC (corrsponding
to A) with the sideBC. The linea throughA′ is parallel to the bisector of∠BAC.
Linesb andc are analogously defined. Prove thata,b,c have a common point.(L. Emelyanov)
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8. On a plane are given finitely many red and blue lines, no two parallel, such that
any intersection point of two lines of the same color also lies on another line of
the other color. Prove that all the lines pass through a single point.(V. Dolnikov, I. Bogdanov)

Grade 11

First Day

1. Problem 1 for Grade 10.

2. Several points are given on the plane. Suppose that for anythree of them there
exists an orthogonal coordinate system (determined by the two axes and the unit
length) in which these three points have integer coordinates. Prove that there
exists an orthogonal coordinate system in which all the given points have integer
coordinates. (S. Berlov)

3. Prove that if 0< x < π/2 andn > m, wheren,m are natural numbers,

2|sinnx−cosnx| ≤ 3|sinmx−cosmx|. (V. Senderov)

4. There are several squares in a city. Some pairs of squares are joined by one-
way streets so that exactly two streets go out of each square.Show that the city
can be divided into 1014 municipalities in such a manner thatno two squares
in the same municipality are connected by a street, and all streets between two
municipalities go in the same direction (from one to the other, or vice-versa).(A. Pastor)

Second Day

5. Determine the smallest natural number which can be represented both as the sum
of 2002 positive integers with the same sum of decimal digits, and as the sum of
2003 integers with the same sum of decimal digits.

(S. Tokarev)

6. The diagonalsAC andBD of a cyclic quadrilateralABCD meet inO. The cir-
cumcircles of trianglesAOBandCOD intersect again atK. PointL is such that
the trianglesBLC andAKD are similar and equally oriented. Prove that if the
quadrlateralBLCK is convex, then it is tangent.

(S. Berlov)

7. Problem 8 for Grade 10.

8. Prove that there exist infinitely many natural numbersn such that the numerator
of 1+ 1

2 + · · ·+ 1
n in the lowest terms is not a power of a prime number.(F. Petrov)
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