31-st All-Russian Mathematical Olympiad 2005

Final Round — Nizhniy Novgorod, April 24—29

Grade9
First Day

1. A parallelogramABCD with AB < BC is given. Point$® andQ vary on the sides
BC andCD respectively such th&@@P = CQ. Show that the circumcircles of all

trianglesAPQ have a common point other th&n
(T. Emelyanova)

2. Lyosha wrote down the numberg2l. .., 222 in the cells of a 2 22 table using
each number exactly once. Can Oleg always choose a pailetbalring a side
or a vertex such that the sum of the numbers in these cellsis@ePndiAsky)

2
3. Real numberay,ap,az > 1 satisfya; +a,+az = Sanda{_a1 1 > Sfori=1,2,3.
Prove that
1 1 1

> 1.
al+az+a2+a3+a3+a1 (S Berlov)

4. On the reverse sides of 365 cards on a table, distinct ntemiEre written. For
one ruble, Vasya can choose three cards and ask Petya tgatrennumbers
on them in the increasing order from left to right. Can Vaslygags arrange
the numbers on the cards in the increasing order from lefgta,rpaying 2000
rubles? (M. Garber)

Second Day

5. Ten distinct nonzero numbers are such that for any twoesfamumbers, either
their sum or their product is rational. Prove that the sgaiafall these numbers
are rational. (O. Podlipsky)

6. Let S(M) denotes the sum of the elements of aldetln how many ways can
one partition the numberd 21,22 ... 22005into two nonempty subsets and
B so that the equatiox? — S(A)x+ S(B) = 0 has ifiegsgakiets6y, |. Bogdanov)

7. In an acute-angled trianghBC, AA’ andBB’ are altitudes. A poinb is chosen
on the arcACB of the circumcircle of the triangle. Let the lind®\' andBD meet
at P, and the linesBB’ and AD meet atQ. Prove that the linéVB’ bisects the
segmenPQ. (A. Akopyan)

8. One hundred representatives of 50 countries, two frorh eaantry, are sitting
at a round table. Prove that they can be partitioned into twe g
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ups so that every group contains a representative from eaafitry, and each
person has at most one neighbor among the members of his.group
(S Berlov)

Grade 10
First Day

b
1. Find the smallest natural number that is not represemialthe form——

222
d t
(V. Sénderby)
2. Positive numbers are written in the cells of & @ table so that in each of the
columns the sum of two numbers is 1. Prove that one can eraseusnber from

each column in such a way that the sum of the remaining nunibeither row
is at most2. (Ye. Kulikov)

wherea, b, c,d are natural numbers.

3. Distinct numbers are written on the reverse sides of 2@@8s(one number on
each). In one step, it is allowed to choose three cards andoaske set of
numbers written on them. What is the smallest number of mtheatss always
sufficient to determine which number is written on each card?7l. Bogdanov)

4. Let ws and w: be the excircles of a trianglABC corresponding t@B andC
respectively. Circled; is symmetric tows with respect to the midpoint AAC,
and circleay; is symmetric towe with respect to the midpoint &B. Prove that
the line through the intersection points @f and «f; bisects the perimeter of
AABC. (P. Kozhevnikov)

Second Day

5. Sixteen rooks are placed on the cells of an8chessboard. What is the minim-
num number of pairs of rooks attacking each other? (Ye. Kulikov)

6. Problem 7 for Grade 9.

7. Suppose that positive integety satisfy the equations® — 1 = y*°. Prove that
if x> 1 thenxis divisible by 5. (V. Senderov)

8. On an infinite sheet of paper with a square grid, a finite remobcells are col-
ored black so that each black cell has an even number (0, 2am&ighboring
white cells (two cells are neighboring is they share a si@e)ve that every white
cell can be colored red or green so that each black cell hagual aumber of
red and green neighboring cells.

(A. Glebov, D. Von der Flaass)
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Grade 11

First Day

1. Assuming that the number of solutioNsof the equation
[X—aq|+ -+ [X—as0| = [X—D1|+ -+ [X— sl

is finite, wheres;, bj are distinct numbers, what is the greatest possible value of
N? (1. Rubanov)

2. Problem 3 for Grade 10.

3. The excircles of a triangl&BC touch the corresponding sid&C,CA, AB at
A B',C/, respectively. The circumcircles of the triangla®'C, AB'C’, and
A'BC' meet the circumcircle oAABC again atC;,A;, B1, respectively. Prove
that the triangled;B1C; is similar to the triangle whose vertices are at the points
of tangency of the incircle o ABC with its sides. (L. Emelyanov)

4. Positive integers,y,zwith x > 2 andy > 1 satisfyx! + 1 = Z2. Denote byp the
number of distinct prime divisors ofand byq that ofy. Show thaip Sefide@v)

Second Day

5. Does there exist a bounded functibnR — R with f(1) > 0 satisfying
f(x+y)? > f(0*+2f(xy) + f(y)*?  (N. Agakhanov)

6. Can one place 12 rectangular parallelepig®dB,, ..., P12 in space, with sides
parallel to the coordinate axe&3x,0y,Oz, in such a way that for each=
1,...,12, B intersects (i.e. has a common point with) each of the remgini
parallelepipeds except fét_; andR 1? (HerePy = P12 andPy3 =(A.. Akopyan)

7. A circle with centelO is inscribed in a convex quadrilater®BCD with no two
parallel sides. Prove th& coincides with the intersection point of the two lines
joining the midpoints of the opposite sidesABCD if and only if OA- OC =
OB-OD. (A. Zaslavskiy, M. Isayev, D. Tsvetov)

8. One hundred representatives of 25 countries, four frazh eauntry, are sitting
at around table. Prove that they can be partitioned intodoaups so that every
group contains a representative of each country, and no exsops from the
same group are sitting next to each other.

(S Berlov)
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