29-th All-Russian Mathematical Olympiad 2003

Fourth Round

Grade8
First Day

1. The numbers 1 through 10 are to be divided into two groupisatdhe product of
numbers in the first group is divisible by that in the secondhaiVis the smallest
possible value of the quotient upon this division?

2. On each of two given intersecting lines in the coordindéa@ there is a fly
flying in a fixed direction with a constant speed. It is knowattthe projections
of the flies on axigOx never coincide. Show that their projections on aQis
must coincide at some (past or future) moment.

3. Two players alternate writing natural numbers not exiteetl000 on the board.
The first player writes down number 1. Thereafter, nun@en the board can
be replaced by eithexr+ 1 or 2a (as long as it does not exceed 1000). The player
who writes number 1000 loses the game. Who has a winninggirat

4. Prove that every triangle can be cut into three poligons, lseing an obtuse-
angled triangle, which can be reassembled into a rectandfle possible over-

lappings).
Second Day

5. Atthe vertices of a cube the numbersfrom 1 to 8 are writiad,on each edge the
absolute difference of the numbers written at its endpo#atsong the numbers
on the edges, at least how many of them can be different?

..a b ab+1

6. Natural numbera,b,c,d satlsny =i i1

7. The triangléABC has a right angle &&. PointD is taken on sidé&C and pointK
on segmenBD so that/ABC = Z/KAD = ZAKD. Show thaBBK = 2DC.

Prove that = candb =d.

8. A set of 2003 positive numbers has the property that, whesreeandb are in
the set & > b), so is at least one of the numbers-b anda—b. Prove that if
the numbers from the set are arranged in increasing ordar,ttte differences
between successive numbers will be equal.

Grade9

First Day
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1. Show that the sides of every scalene triangle can be athkengthened or all
shortened by the same segment so that the obtained segmeesitées of a right-
angled triangle.

2. Problem 2 for Grade 8.

3. In a triangleABC with AB = BC the middle line parallel to sidBC meets the
incircle at the midpoint oAC and at another poirf. Prove that the tangent to
the incircle at- and the bisector of ang(® meet on the sidéB.

4. Two players alternate writing on the board arbitrary {ohed) digits from left
to right. The loser is the one after whose move a number forbyeseveral
successive digits (in that order) is divisible by 11. Whidayer has a winning
strategy?

Second Day

5. Letl be the incenter of trianglaBC. PointsA’,B',C’ are symmetric td with
respect to the sides of the triangle. Prove that if the ci@tote of triangle
A'B'C’ passes througB, then/ABC = 60°.

6. A hundred people were invited for a dinner. The guests wiewknoone of the
other guests entered first. Then those who knew exactly aétmaining guests
entered, then those knowing exactly 2 remaining guestsie89. At most how
many people could have remaining outside at the end of thisgulure?

7. Prove that from any six four-digit numbers whose greatesimon divisor is 1
one can choose five whose greatest common divisor is also 1.

8. Prove that a convex polygon can be dissected by nonictargaliagonals into
acute-angled triangles in at most one way.

Grade 10
First Day

1. Find all anglesr for which the sef{sina,sin2a,sin3a} coincides with the set
{cosa,cos,cos3n}.

2. Problem 3 for Grade 9.

3. There were 45 persons at a meeting. It turned out that aoyofwhem who
have a common acquaintance among the present persons dwmog&ch other.
What is the greatest possible number of pairs of people oméeting who know
each other?
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I

. Inthe plane are selectad> 2 lines passing through a poidtwith the property
that, for any two of them, there is a selected line that bssecte of the two
angles formed by the two lines. Show that the selected livededthe full angle
of 360" into n equal parts.

Second Day

5. For whichx does the equatior? +y? + 2 + 2xyz = 1 have a real solution for
everyy?

6. In a triangleABC, Ay is the midpoint ofBC andA’ is the tangency point of the
incircle with BC. We draw the circlaw centered afy and passing through’
and construct the analogous circles on the other two side®sofleABC. Prove
that if w touches the circumcircle @k ABC on the ardBC not containingA, then
at least one of the other two constructed circles also taittteecircumcircle.

7. Prove that from any set of at least four three-digit nuralvédrose greatest com-
mon divisor is 1 one can choose four whose greatest commasodiis also
1.

8. Two of the 17 apparently equal coins are fake and diffemftbe true ones in
weight. It is known that the total weight of the two fakes elguaice the weight
of a true coin. Is it always possible to find both fakes with fiveasurings on a
ballance without weights?

Grade 1l
First Day

1. Find all primesp for which there exist natural numbexsandy satisfyingp* =

Yy +1.

2. PointK on the diagonalC of a convex quadrilateradBCD is such thakD =
DC, ZBAC = 3/KDC, and ZDAC = /KBC. Prove that/KDA = ZBCA or
/KDA = ZKBA.

3. The functionsf (x) — x and f (x?) — x® are defined and increasing for positive
Prove that the functiofi(x®) — ?xa is also increasing for positive

4. PointsAg,Ay,...,An andBy,By,...,B, are given on the plane. Show that the
—
points Bj can be renumerated in such a way that the angle betwggnand
BiB; is acute or right wheneves£ |.

Second Day

5. Quadratic trinomial®(x) = x? +ax+b andQ(x) = x? + cx+d have the property
that the equatio®(Q(x)) = Q(P(x)) has no real roots. Prove that~ d.
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6. Problem 6 for Grade 9.

7. The sphere inscribed in tetrahed®BCD touches the facABC at pointT. A
spherew’ touches the facdBC at T’ and also touches the exhensions of the
other three faces. Show that the linfE andAT’ are symmetric with respect to
the bisector of anglBAC.

8. Problem 8 for Grade 10.
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