17-th All-Russian Mathematical Olympiad 1991

Final (Fourth) Round — March 22-29

Grade9
First Day

1. Find the locus of the foci of the parabolas giveryby —x? + bx+ ¢ which touch
the paraboly = x2.

2. LetC be a point on the diamet&B of a semicircle with centeD, distinct from
A,B,0. Two perpendicular rays throughintersect the semicircle at poins
andE. The line througtD perpendicular tdC meets the semicircle againkat
Prove that ifK # E, thenKE andAB are parallel.

3. Three distinct positive numbers are given. Show that andabel them by, b, c

in such a way that
a b a c
=>4+
b c¢c ¢ a
4. A piece stands on the leftmost cell of & 100 board divided into unit squares.
Two players alternately move the piece by 1, 10 or 11 celléoright. The
player who cannot perform a move loses the game. Which plegmeiforce a
victory?

Second Day

5. Do there exist two integers whose sum of cubes equals 1991?

6. PointsK andM are taken on the diagon&C and pointd? andT on the diagonal
BD of a convex quadrilateradBCD, so thatAK = MC = %AC andBP=TD =
%BD. Prove that the line passing through the midpoint&\bfand BC bisects
the segmentBM andKT.

7. A woodenn x n board is divided into unit squares by lines parallel to tluesi
Two players alternately make cuts of length 1 along thesslistarting from the
border or from a point at a previously made cut. The playarafthose move
the board breaks loses the game. Which player can win no mhattethe other
player plays?

8. Each of the numbes, ay, ..., a, is greater than 1 anjdy 1 — ax| < 1 fork=
1,...,n—1. Prove that
a a -
A%t S o
a ag an a
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Grade 10

First Day

1. Find all natural numbersandq for which the equatio’® — pgx+ p+q= 0 has
integral roots.

2. The segments connecting a pdinto the verticeA andD of a rectangléABCD
intersect the sid8C. The perpendiculars froid andC to DK andAK, respec-
tively, intersect aM. Show that ifM # K, thenMK is perpendicular té\D.

3. A polygon-shaped city is divided into areas by straigigedts. At each vertex of
the polygon there is a city square. Each street connectsquarss and passes
through no other square. Each street is one-way and it iskhpegs (i) enter
every square; (ii) leave every square; (iii) go round thg along its boundary.
Show that it is possible to go round at least one of the citasare

4. A board with 6 columns and > 2 rows is filled with zeros and ones in such
a way that all the rows are different and, for every two rdas,...,as) and
(b1,...,bg), there is a row(ajby,...,asbs). Show that in each column at least
half the entries are zeros.

Second Day

5. Ateach vertex of a cube there is a fly. At one moment, eachdlyamto another
vertex, one fly to each vertex. Show that there exist thres flibich form a
triangle congruent to the one they formed initially.

6. An 11x 12 rectangle is given. Show that

(a) the rectangle can be tiled with 20 rectangles of size€br 1x 7;
(b) it cannot be tiled with 19 such rectangles.

7. Solve the system

1 1

8. Delegates elect a committee as follows. Each delegatsvot 10 persons
among the candidates. A committee is said t@gbed for a delegate if he voted
for at least one of its members. Suppose that for any six d&deghere is a
two-member committee which is good for all the six delegatsow that one
can elect a 10-member committee which is good for all deteggat

Grade 1l
First Day
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1. The polynomial 2 — 60x? 4 ax takes three consecutive integer values at three
consecutive integer points (in the same order). Find thesgér values.

2. The altitudeAD, BE,CF of an acute triangl&BC meet atH. Suppose that the
areas of the quadrilatera#sHF andHECD are equal. Show that the triangle
ABC is isosceles.

3. The sum of positive numbeasb, cis 1. Prove that

(1+a)(1+b)(14c)>8(1—a)(1l—b)(1—c).

4. A cube of siden consists of® unit cubes, wherais even. One arbitrarily selects
3n?/2 unit cubes. Prove that there is a right-angled trianglesehertices lie
in the centers of three of the selected unit cubes and whgseale parallel to
edges of the cube.

Second Day

5. Prove that for alk, y the following inequality holds:

O

COSX+ COSy+ 2CogX+Y) > —

6. CirclesS; andS; intersect at point#; andA4, circlesS, andS; at Ap, As, and
circlesSz andS; at Az, As. A polygonal lineM;Ms;... My is such that each line
MMy 1 contains pointy and pointdVix, My, 1 lie on the circles which meet at
Ay. Prove that the pointsl; andMy coincide.

7. Three lines, b, c are given in space. Pointg, Ty, T, T3, T4, Ts, Tg are taken on
linesa,b,c,a,b,c,a, respectively, so thaiyTy L b, 1T, L ¢, ToTz L a, T3T4 L b,
T4Ts L ¢, TsTg L a. Prove that ifTo andTg coincide, then so ddy andTs.

8. We are givem? +n corners, each consisting of two perpendicular iron bars of
length 1 with a common endpoint. These corners are used o fosquare
grid consisting of? unit cells. Show that the number of corners with the legs
showing up and right is equal to the number of corners withlé¢lgs showing
down and left.
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