10-th Turkish Mathematical Olympiad 2002/03

First Day

1. There aren > 2 cars participating in a rally. The cars leave the start fhe
different times and finish the rally at different taimes. dtrted out that during
the entire rally each car took over any other car at most dheajumber of cars
taken over by each car is different, and each car is takernbyviie same number
of cars. Find all possible values of

2. LetABCD be a convex quadrilateral and ket L, M, andN be the midpoints of
AB, BC, CD, andDA, respectively. Prove that

V/Sakn + V/SekL + V/Sewm + v/ Somn < 2/ Saecp-
3. Assume that a functioh: R — R satisfies
ftxg+ (L—t)xp) <tf(x1)+ (1—1)F(x2)
for all x;,x; € R and allt € (0,1). Prove that
2003 2003

> flagia= ) flaak
k=1 k=1

for all real numbersy, ay, ..., axgossuch thaty > ap > --- > asggzandaggos=
ai.

Second Day

4. Find all positive integera, n, p,k such thak > 1, and

a2l gl 1= ok

5. A circle tangent to the side&B andBC of AABC is also tangent to its circum-
circle at the poinf. If | is the incenter oNABC, prove thatZ/ATI = Z/CTI.

6. A labeling of all squares of @ x n chessbhoard by Os and 1s is calfai if the
total number of Os and the total number of 1s are equal. A igahera < [0, %]
is calledbeautiful if there are positive integera andn and a fair labeling of the
mx n chessboard such that the percentage of 1s in each row andaaaim is
betweera and 100- a. Find the largest beautiful number.
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