
Turkish IMO Team Selection Test 2009

First Day

1. Find all functionsf : Q+ → Z such thatf (1/x) = f (x) and(x + 1) f (x− 1) =
x f (x) for all rational numbersx > 1.

2. LetABCD be a quadrilateral inscribed in a circlek(O,r). Assume thatAB inter-
sectsCD at P; AD intersectsBC at Q; and assume that the diagonalsAC andBD
intersect atK. If the distance fromO to the linePQ is k, prove thatOK · k = r2.

3. In a group of 2009 people, each two have exactly one common friend. Find
the least value of the difference of friends between the person with the maximal
number of friends and the person with the minimal number of friends.

Second Day

4. Find all prime numbersp for which there exists a polynomialQ with integral
coefficients such that the equation

1+ p + Q(x) ·Q(x2) · · ·Q(x2p−2) = 0

has integer solution.

5. The incircle of△ABC touches the sidesAB, AC, andBC at C1, B1, andA1 re-
spectively. Prove that
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6. There aren ≥ 4 students in a class. Some of the students are friends and friend-
ship is symmetric relation.n−1 students can be seated in a round table such that
every student is sitting next to a his/her friends (on both sides), butn students
can’t be seated in that way. Prove thatn ≥ 10.
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