Turkish IMO Team Selection Test 1999

First Day — March 20, 1999

1. Let be given positive integens < n and a prime numbap. Let

m = atap+---+ap,
n = byg+bip+---+bsps,

wherea,,bs # 0 and 0< &;,b; < pforalli, j. If & < b foralli=0,1,...,r, we

write m < n. Prove thafp { (:1) if and only ifm < n.

2. LetL andN be the midpoints of the diagonad& andBD of a cyclic quadrilateral
ABCD, respectively. IBD bisects the angl&NC, prove thafAC bisects the angle
BLD.

3. Determine all function$ : R — R such that the th%x) | x #£ 0} is finite, and

forallxe R,
f(x—1-1f(x))=f(x) —x—1.

Second Day — March 21, 1999

4. Letthe area and the perimeter of a cyclic quadrilatetz¢ Ac andP., and let the
area and the perimeter of the quadrilateral which is tanfgetite circumcircle

2
of C at the vertices of be Ar andPr, respectively. Prove th% > (&) .
T Pr

5. Each ofA/B,C,D,E, andF knows a piece of gossip. They communicate by
phone via a central switchboard, which can connect only titbem at a time.
During a conversation, each side tells the other everythingr she knows at
that point. Find the minimum number of calls needed for esreyto know all
six pieces of gossip.

6. Prove that the plane is not a union of the inner regions @éfinmany parabolas.
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