19-th Yugoslav Federal Mathematical Competition 1978

High School
Begtici, 1978

1-st Grade

1. Determine the value of the expression

1 1 1
S= + + ;
1+x+xy 1+y+yz 14+z+x

if the real numbersg, y, z satisfyxyz = 1.
2. Find all integers that are 33 times bigger than the sumedf thgits.

3. LetAA;, BB, CC, parallel chords of a circle. The poim§, B, C’' are symmetric
to A1, B1, Cy, respectively with respect to the midpoints BE, CA, and AB.
Prove thaty, B', andC’ are collinear.

4. The board % 10 was initially covered by 2 1 dominoes. Prove that it is impos-
sible to cover the board using the same dominoes in such ahagglt dominoes
that were vertical in the first covering become horizontahia second, and all
dominoes that were horizontal in the first covering beconngoad in the second.

2-nd Grade

1. Do there exist real numbesgs b, ¢, d such that all of the following conditions
are satisfied:
(i) The equatiorax? 4 bdx+ ¢ = 0 has different real solutiong andxy,
(i) The equatiorbx? + cdx+a= 0 has different real solutiong andxs,
(iii) The equatiorcx? + adx+ b = 0 has different real solutiong andx; ?
2. LetShbe the subset of the set of real numbers such that the folipeanditions
are satisfied:
) zcs
(i) vV2+V3es,
(iii) If x,y € Sthenx+y e Sandxy € S.

1
Prove thatm €S

3. Given a quadrilateraélBCD, denote byE the point ofDB such thatAE||DC. Let
F be the point oAC such thaDF ||AB. Prove thaEF||BC.
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4. LetAq, Ay, ..., A, the points of a plane such that the biggest and the smallest of

the distancesiA; (i # j) are equal to 1 and, respectively. Prove that< 2

Vh-1°

3-rd Grade

1. Find all natural numbersfor which there exists a polynomigh(x) of degreen
with integral coefficientsn different integral zeroes, arfe{(0) = 0.

2. Provethataninteger> 2 is composite, if and only if at least one of the following
two statements hold:
(i) Forsomese {2,3,...} the following equality holds = 25;
(i) For someu,v € {3,4,...} such thatu < v the following equality holds:
r=32v-u+1).

3. LetT be the centroid, an@® arbitrary point insideAABC. If A;, By, C; are
intersections 0OT with BC, CA, andAB, respectively, prove that

OA{-OB;-0OCy <TA;-TB;-TC;.

4. PointsAq, Ay, ..., A, are given in the plane in such a way th##; > 1 for all
i # jandi,je{1,2...,n}. Prove that the number of segmeAig\; of length
exactly one can not exceed.3

4-th Grade

1. Letn be a natural number. Denote Ipy the number of non-negative integer
solutions tokx+ (k+ 1)y = n—k+ 1. Determine the sum; + p2+ - + Pnt1-

2. Leta+ (n—1)d, n=1,2,... be an arithmetic sequence of differerate- 0.
Prove thai/d is a rational number, if and only if the sequersce (n— 1)d has
a geometric subsequence.

3. Assume that the s€tC N satisfies the following two conditions:
(i) ae Pandb e Pimply thata+b e P;
(i) (vge N)q> 1= (dc e P)c=0 (modq).
Prove that the séfl \ P is finite.

4. Leta> 3 and letP,(x) be a polynomial of degreewith real coefficients. Prove
that

max |ai —R(i)] > 1.
0<i<n+1
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