26-th Yugoslav Federal Mathematical Competition 1985

High School
Cetinje, April 1985

1-st Grade
1. Prove that among any 39 consecutive natural numbersithene whose sum of

(decimal) digits is divisible by 11.

2. A pointE is given in the interior of a squa®BCD such that triangl€DE is
isosceles withv E = 15C°. Find the angles of triangl&BE.

3. Let 3000 points be given in the plane, no three of whichi@dine. Show that
there exist 1000 triangles with vertices in these pointhighat no two of these
triangles have a common point.

4. Ifa,b,c,d, e, f are positive real numbers, prove the inequality

ab n cd n ef <(a+c+e)(b+d+f)
a+b c+d e+f = a+b+CH+d+e+ 1"

2-nd Grade

1. Determine the smallest natural numbeor which the sums of digits ofi and
n+ 1 are both divisible by 1985.

2. The functionf : N — N is given by the formuld (m) = m+ [,/m]. Prove that for
eachm € N there existk € N such thatfk(m) = f(f(--- f(m)---)) is a perfect
N——

k
square.

3. LetQ be a point inside a tetrahedr&®ABC. Prove that

/BQC+ ZCQA+ ZAQB > /BPC + ZCPA+ ZAPB.
4. Find the smallest natural numbefor which there exists an-element seM C
{1,2,...,100} with the following properties:

(i) 1and 100 are iM;
(i) foreveryae M, a> 1, there exisk,y € M such that = x+Y.

3-rd and 4-th Grades

1. Find all natural numbers smaller than 1000 that are equihlkt sum of the fac-
torials of their digits.
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2. Suppose a polynomiglwith real coefficients satisfig®cosx) = p(sinx) for all
realx. Prove that there exists a polynomigguch that for all real numbets

p(t) = q(t* - 7).

3. In atriangleABC the bisectors of angles At B,C meet the circumcircle again at
P, Q,R, respectively. Prove that

AP+ BQ+CR> AB+BC+CA.

4. The entries of an x n board are integers such that the numbers written in two
neighboring cells differ by at most 1. (Two cells are neigtihg if they share
a side.) Prove that there exists a number which appearssiti¢ianes in the
board.
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