31-st Yugoslav Federal Mathematical Competition 1990

High School
Tuzla, April 21, 1990

1-st Grade

1. For a natural number, prove the identity:

33...3°+55...544...4° —55...544...45".
S—— Y\ S——

n n—1 n n—1 n—-1

2. Let ABC be an acute-angled triangle withACB = 60°. Prove that the circum-
center of the triangle lies on the bisector of one of the afpemed by the
altitudes fromA andB.

3. Letag < ap < --- < ap be real numbers. Prove thatfifis a bijection mapping
{ai,...,an} onto itself such that

a+f(a) <ap+f(ag) < - <an+ f(an),

thenf is the identity.

4. Initially the numbers 1 and 2 are written on the board. Véeparmitted to write
new numbers on the board according to the following rule: uifnbersa and
b are written on the board, then we can write the nunadier a+ b. Can we
manage to write number (a) 13121; (b) 121317

2-nd Grade
1. Find all pairg(x,y) of natural numbers with the following property: exchanging

the last two decimal digits of one obtaing?.

2. A broken line whose every segment is of length 3 and whdsegilces lie on
the surface of a cube of side 2, joins two opposite verticah@tube. At least
how many segments can such a broken line consist of?

3. Let ABC be a triangle. Point& andL are chosen on segmem® and BC
respectively, and poiritl is chosen on segmeNL. Prove that

V/Snec > V/Sakm + ¥/ Suiie.
whereSx denotes the area of.
4. An imperor wants to build a castle with 1990 rooms in onerfkmthat:

(i) Inany room there are 0, 1 or 2 doors.
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(i) Between any two rooms there is at most one door, and iraog there is
at most one door to outside the castle.

(i) The number of doors to outside is 19 and the number ofrewvith exactly
one door is 90.

Is it possible to build such a castle?
3-rd and 4-th Grades

1. Arectangular box x n x p, wherem, n, p are natural numbers, consistsmfip
unit cubes. Each of these cubes is assigned a real numbeavéyrrectangular
boxmx1x1, 1xnx1orlx1x pconsisting of these cubes, the numbers
assigned to these boxes form an arithmetic sequence inrthet orhe sum of
the eight numbers at the cubes at the vertices of the bax@mpute the sum
of all the assigned numbers.

2. Setxg = 1990 and

1990
Xn = —T(X0+X1+---+Xn71) forn>1.

Calculatexg + 2X1 + 220 + - - - 4+ 2199% 990

3. Let Sand O be the incenter and orthocenter of a trianglBC, respectively.
Let Q be a point such tha$is the midpoint of segmer®Q and letT;, T, and
Tz be the centroids of triangleBCQ,CAQ and ABQ, respectively. Prove that

4 . . . .
AT =BT, =CTz3 = §R, whereR s the circumradius of triangl&BC.

4. Find the number of relations on arelement set which are neither symmetric
nor antisymmetric? (A relatior is said to be antisymmetric if # a whenever
a~Dhb)
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