38-th Yugoslav Federal Mathematical Competition 1997

High School
Nis, April 12, 1997

Time allowed 4 hours.
Each problemisworth 25 points.

1-st Grade

1. A pawn moves on points with integer coordinates in Caatepiane according
to the following rules.

(a) Initially, the pawn is placed at poiin, n).

(b) If the pawn is at pointx,y) in some moment, then he steps to pdit-
1y), (x,y+1), (x—1,y), (x,y— 1), depending on whether the remainder
of x+ywhen divided by 4 is (1,2, 3, respectively.

If the pawn arrives at point0,1997) after 1997 steps, find all possible points
(m,n).

2. LetO be an interior point of a trianglABC. LinesOA, OB, OC meet the corre-

sponding sides at poinBQ, R, respectively. Find the minimum possible value

of A0 -— - ——, and determine the poin@for which this value is attained.

3. InatriangleABC, CD is the altitudeE the midpoint of sidéAB, andP,Q are the
feet of perpendiculars frorA andB to the bisector of angl&CB, respectively.
Show that point®, E,P,Q lie on a circle.

4. Prove that among the numbers of the f({ﬂ‘fﬁl/z] , wherek is a natural number,
there are infinitely many even numbers.

2-nd Grade

1. Alinesand pointA, B on the same side afare given in the plane. For a variable
pointM, let A; andB; be the orthogonal projections froAkandB to linesMB
andMA, respectively. Find the position ™ that minimizes the lengtA;B;.

2. Each edge of a convex polyhedron is denoted By @ a —. Prove that there
must exist a vertex of the polyhedron such that among thesaraglthat vertex
less than four have the rays denoted by different signs.

3. LetS(n) denote the sum of (decimal) digits of a natural numieboes there
existn such thas(n) = 1997 andS(n?) = 19977

4. There are three schools, each of which is attended pwpils. Every pupil
knows at least + 1 pupils from the remaining two schools. Prove that there
exist three pupils, one from each school, who know each ofAeguaintance is
a symmetric relation.)
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3-rd and 4-th Grades

1. Does there exist a natural numinesuch that the s€in,n+1,...,n+ 1997} can
be partitioned into (disjoint) subseis, A, ..., A, k> 2, with the same products
of elements?

2. Consider the polynomid®(x) = x® — 2x5 4+ x* — 2x3 + x> — 2x+ 1. Prove that
exactly four roots oP(x) have module 1.

3. Let be given a tetrahedrdkBCD of volumeV. PointsA;,B1,C; are taken on
sidesAD, BD,CD respectively so that the plagB1C; contains the centroid
of the tetrahedron. Le¥;,V»,V3 denote the volumes of tetraheddd,B.Cy,
BA;B;C; andCA;1B1C;, respectively. Find the minimum possible valuevgft
V2 + V3.

4. Five jugs are numberedD2,3,4. The jug 0 is empty, whereas each of the
remaining jugs contains several coins. Thereramins in the jug. PlayersA
andB play the following game. They alternately move the coing arplayer
in turn can move arbitrarily many coins (at least one) fromg pug to the jug
numbered with a number less by 1. Playebegins. The player after whose
move all the coins are in the jug 0 gains all the coins. Whielyef has a winning
strategy?
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