39-th Yugoslav Federal Mathematical Competition 1998
High School
Becej, April 11, 1998

Time allowed 4 hours.
Each problemisworth 25 points.

1-st Grade

1. Prove that/2(v/3+2) + V9 > 4V2V/9.

2. Find mutually distinct decimal digits b, ¢, d such thabccha = cda’.

3. The bisector of the angk of an acute-angled trianghBC meets sid&8C atD.
If AD = AB andAD 1 OH, whereO is the circumcenter anil the orthocenter
of the triangle, find the angles of triangh8C.

4. LetS={1,2,3,4,5,6}. How many bijective function$ : S— Sare there such
that for eachx € S, f(f(x)) —x s divisible by 3?
2-nd Grade

1. Show that there is no positive integesuch that 8+ 2"+ 1 is a perfect square.

2. A circle k is tangent to the side81Ar, A’As,...,AnA; of a convexn—gon
A1A, ... A, at pointsBy, By, ..., By, respectively. LeM be an arbitrary point on
circlek. Prove that the product of the distances fignto linesAj Ay, AoAs, . .., AnAg
is equal to the product of the distances frdhito linesB1By, B2Bs, . . ., BnB;.

3. Letn > 1 be a natural number and let

S = [?ME@];[@F---JFL\/ZM} and
R

Prove thatS; + S, > (n— 1)2, and show that equality holds if and onlyniis not
divisible by any perfect square greater than 1.

4. Let be given a sequence of poidégx;,yi) with 0 < x,y; < 1fori=1,2,... 2.
Show that there exists a permutatioqn iz, ...,iy2) of numbers 12, .. .,n? such
that the length of the polygonal lime, A, ... Aj , does not exceed2+ 1.

3-rd and 4-th Grades
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1. Letaj,ap,...,an,by,by,..., b, be real numbers. Prove that

(z00) = (z0) (30)

2. Determine the smallest natural numbaevith the following property: There is a
permutation of the s€f0,1,2,...,9} such that the sum of any three consecutive
terms of this permutation is at mast

3. More than half of faces of a convex polyhedron can be cdlscethat no two
colored faces share an edge. Prove that a sphere cannotchieédsin this
polyhedron.

4. Letnbe a natural number greater than 4. Prove that the followogbnditions
are equivalent:

(i) bothnandn+ 1 are composite numbers;
. . n—-1)!.
(ii) the closest integer téﬁ is even.

(The closest integer to+ 1/2, wherek € Z, is defined to bé&+ 1.)
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