
39-th Yugoslav Federal Mathematical Competition 1998

High School
Bečej, April 11, 1998

Time allowed 4 hours.
Each problem is worth 25 points.

1-st Grade
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2. Find mutually distinct decimal digitsa,b,c,d such thatabccba = cda
2
.

3. The bisector of the angleA of an acute-angled triangleABC meets sideBC atD.
If AD = AB andAD ⊥ OH, whereO is the circumcenter andH the orthocenter
of the triangle, find the angles of triangleABC.

4. Let S = {1,2,3,4,5,6}. How many bijective functionsf : S → S are there such
that for eachx ∈ S, f ( f (x))− x is divisible by 3?

2-nd Grade

1. Show that there is no positive integern such that 8n +2n +1 is a perfect square.

2. A circle k is tangent to the sidesA1A2,A2A3, . . . ,AnA1 of a convexn−gon
A1A2 . . .An at pointsB1,B2, . . . ,Bn, respectively. LetM be an arbitrary point on
circlek. Prove that the product of the distances fromM to linesA1A2,A2A3, . . . ,AnA1

is equal to the product of the distances fromM to linesB1B2,B2B3, . . . ,BnB1.

3. Letn > 1 be a natural number and let
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Prove thatS1+S2 ≥ (n−1)2, and show that equality holds if and only ifn is not
divisible by any perfect square greater than 1.

4. Let be given a sequence of pointsAi(xi,yi) with 0 < xi,yi < 1 for i = 1,2, . . . ,n2.
Show that there exists a permutation(i1, i2, . . . , in2) of numbers 1,2, . . . ,n2 such
that the length of the polygonal lineAi1Ai2 . . .Ain2 does not exceed 2n +1.

3-rd and 4-th Grades
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1. Leta1,a2, . . . ,an,b1,b2, . . . ,bn be real numbers. Prove that
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2. Determine the smallest natural numbern with the following property: There is a
permutation of the set{0,1,2, . . . ,9} such that the sum of any three consecutive
terms of this permutation is at mostn.

3. More than half of faces of a convex polyhedron can be colored so that no two
colored faces share an edge. Prove that a sphere cannot be inscribed in this
polyhedron.

4. Letn be a natural number greater than 4. Prove that the following two conditions
are equivalent:

(i) bothn andn +1 are composite numbers;

(ii) the closest integer to
(n−1)!
n2 + n

is even.

(The closest integer tok +1/2, wherek ∈ Z, is defined to bek +1.)
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