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ABSTRACT. The variance of first-passage percolation admits a decomposition into Fourier
levels indexed by the order of environment derivatives. These Fourier levels capture how
local perturbations of different orders contribute to global fluctuations. In this paper, we in-
vestigate higher-order environment derivatives and their Fourier-level structure. We prove
that derivatives of orders k ∈ {2,3,4} are almost surely bounded below by −

( k−2
⌈ k−2

2 ⌉
)

and

above by
( k−2
⌈ k−2

2 ⌉
)
. We conjecture that these are the correct bounds for all k, and we con-

struct explicit environments showing that these extreme values can indeed be attained.

1. INTRODUCTION

1.1. Model. We use the same model and definitions as in [24]. We refer the reader to that
paper for a more comprehensive historical discussion and overview of the literature. For
completeness, we briefly recall the model and state the results needed for our proofs.

Let a < b be two fixed positive real numbers, and let p ∈ (0,1) be fixed. We consider
the finite subgraph of the integer lattice Zd (with d ≥ 2) induced by the box [−2n,2n]d .
Two vertices (x1, . . . ,xd) and (y1, . . . ,yd) are connected by an edge if and only if they are
nearest neighbors, that is,

|x1 − y1|+ · · ·+ |xd − yd |= 1.

Each edge e is independently assigned a random passage time, equal to a with probabil-
ity p and to b with probability 1− p. Let Wn denote the set of all edges in this graph, and
define the sample space Ωn = {a,b}Wn , whose elements ω ∈ Ωn represent configurations
of passage times.

Given a configuration ω and a path γ (a sequence of adjacent edges), the passage time
T (γ,ω) is defined as the sum of the passage times of the edges in γ . For vertices u,v,
we write f (u,v,ω) for the minimal passage time among all paths connecting u to v in the
environment ω .

When the destination vertex is fixed, we write fn(ω), or simply fn, for f (0,nv,ω).
A path γ is called a geodesic if the minimum fn(ω) is attained at γ , that is, if fn(ω) =

T (γ,ω).

1.2. The torus model. For some of our results, we work with a simplified and more sym-
metric model introduced in [11], in which first-passage percolation is considered on the
discrete torus Zd

n . We use the superscript τ to indicate this setting, writing f τ
n (ω), f τ

n , or
simply f τ when the dependence on n is clear.

The d-dimensional discrete torus is the graph with vertex set Zd
n , in which two vertices

u and v are connected by an edge if and only if they differ by ±1 modulo n in exactly one
coordinate.
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Let Γ denote the collection of all nearest-neighbor paths on Zd
n that wrap once around

the torus in the x1-direction. More precisely, γ = (v0, . . . ,vm)∈Γ if v0 and vm have identical
coordinates except possibly in the first coordinate, with (v0)1 = 0 and (vm)1 = n−1.

We define f τ
n to be the minimal passage time among all such paths,

f τ
n (ω) = min{T (γ,ω) : γ ∈ Γ} .

1.3. Environment derivatives. If we denote by Wn the set of all edges, then the sample
space is Ωn = {a,b}Wn . We will often omit the subscript n, when there is no danger of
confusion. For each edge j and each ω ∈ Ω, we define σa

j (ω) as the element of Ω whose
j-th coordinate is changed from ω j to a, regardless of what the original value ω j was. The
operation σb

j is defined in analogous way. Formally, for δ ∈ {a,b}, we define σδ
j : Ω → Ω

with [
σ

δ
j (ω)

]
k

=

{
ωk, k ̸= j,
δ , k = j.

If ϕ : Ω →R is any random variable, then the first order environment derivative ∂ jϕ is the
random variable defined as

∂ jϕ = ϕ ◦σ
b
j −ϕ ◦σ

a
j .

For two distinct vertices k and l, we will give the name second order environment deriv-
ative to the quantity ∂k∂lϕ . In general, if S is a non-empty subset of W , the operator ∂Sϕ

is defined recursively as

∂Sϕ = ∂S\{ j} (∂ jϕ) , (1)

where j is an arbitrary element of S. The definition (1) is independent on the choice of j,
since a simple induction can be used to prove that for S = {s1, . . . ,sm}, the following holds

∂Sϕ = ∑
θ1∈{a,b}

· · · ∑
θm∈{a,b}

(−1)1a(θ1)+···+1a(θm)ϕ ◦σ
θ1
s1

◦ · · · ◦σ
θm
sm . (2)

The function 1a : {a,b}→ {0,1} in (2) assigns the value 1 to a and 0 to b.

1.4. Variance decomposition and Fourier levels. A thorough understanding of environ-
ment derivatives would lead to a complete understanding of the variance. As shown in
[24], the variance admits the decomposition

var( f ) = ∑
M⊆W,M ̸= /0

(p(1− p))|M| (E [∂M f ])2 , (3)

which highlights the central role of the L2 norms of the derivatives ∂M f in determining
fluctuation behavior. Despite their importance, general bounds for these quantities are not
yet available.

We rewrite (3) as

var( f ) =
∞

∑
k=1

(p(1− p))k
Σk( f ), (4)

where Σk( f ) is the level-k Fourier sum of f , defined by

Σk( f ) = ∑
M⊆W
|M|=k

(
E
[
∂M f

])2
.

In this paper, we prove the following theorem, which provides bounds on the first and
second Fourier levels in the torus model.
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Theorem 1.1. If a is an integer multiple of b−a, then there exists a constant C, depending
only on a, b, p, and d, such that the level-1 and level-2 Fourier sums of f τ satisfy

Σ1( f τ) ≤ Cn2−d , (5)

Σ2( f τ) ≤ Cn3−d . (6)

The variance decomposition (3) is essentially Parseval’s identity for the Walsh–Fourier
expansion of f ; the Fourier coefficients can be expressed in terms of environment deriva-
tives via a discrete integration by parts, as noted in [44] and made explicit in [24]. The
companion paper [24] further establishes a generalization of Talagrand’s and Tanguy’s in-
equalities [45, 46].

1.5. What the Fourier-level bounds suggest. Theorem 1.1 casts the variance conjecture
in a new light, not by bringing it closer to resolution, but by making it more mysterious.
In dimension d = 3, the first two Fourier levels contribute at most O(1) to the variance.
If the widely conjectured bound var( f ) = O(n2χ) with χ > 0 holds in dimension 3, then
the divergence cannot come from the first two levels. It must come entirely from higher
Fourier levels. This would be a striking phenomenon: the contributions of individual edges
and pairs of edges to the variance are negligible, yet the cumulative effect of higher-order
interactions produces polynomial growth. On the other hand, if higher Fourier levels are
also well-controlled, as we conjecture, particularly in dimensions d ≥ 3 where the L2 norms
∥∂M f∥2 may decay exponentially in k, then the variance itself would be O(1), implying
χ = 0 in dimension 3. Either conclusion would be remarkable, and both remain out of
reach.

1.6. Almost sure bounds on environment derivatives. The sequence (U1, U2, . . .) rep-
resents the optimal upper bounds for environment derivatives. The number Uk is defined
as the best upper bound on the k-th order environment derivative, i.e.

Uk =
1

b−a
max{∂S fn(ω) : n ∈ N,S ⊆Wn, |S|= k,ω ∈ Ωn} . (7)

We define an analogous sequence (L1,L2, . . .) of optimal lower bounds. For each k ∈ N,

Lk =
1

b−a
min{∂S fn(ω) : n ∈ N,S ⊆Wn, |S|= k,ω ∈ Ωn} . (8)

Theorem 1.2. In dimensions d ≥ 3, the first four values of (Uk) and (Lk) are shown in
the table below.

k 1 2 3 4
Uk 1 1 1 2
Lk 0 −1 −1 −2

(9)

Theorem 1.3. The sequences (Uk) and (Lk) satisfy

Uk+1 ≤ Uk −Lk and Lk+1 ≥ Lk −Uk, (10)

for all k ≥ 1. Moreover, for all k ≥ 2,

Uk ≤ 2k−2 and |Lk| ≤ 2k−2. (11)

Also, for all integers k ≥ 2, the following holds:

Uk ≥
(

k−2
⌈ k−2

2 ⌉

)
and |Lk| ≥

(
k−2
⌈ k−2

2 ⌉

)
. (12)
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Theorem 1.3 implies that (Uk) and (Lk) grow exponentially in k. Due to Stirling’s
formula, these sequences are between 2k−2

k−2 and 2k−2.
We conjecture that (12) are equalities. However, we have formal proofs only for k ≤ 4

and we believe that it is possible to obtain at least a computer-assisted proof for k = 5. We
don’t have the proof yet.

1.7. The Edge Perturbation Conjecture.

Conjecture 1.4 (Edge Perturbation Conjecture). For all integers k ≥ 2, the following
equalities hold

Uk =

(
k−2
⌈ k−2

2 ⌉

)
and Lk =−

(
k−2
⌈ k−2

2 ⌉

)
. (13)

The inequalities (12) provide a lower bound of Uk and an upper bound for Lk. The
conjectured equalities hold for k ∈ {2,3,4}. Moreover, the following easy combinatorial
identity provides a really miraculous jump from odd k to even k.

Namely, if k ≥ 3 is an odd integer, then(
k−2
⌈ k−2

2 ⌉

)
+

(
k−2
⌈ k−2

2 ⌉

)
=

(
k−1
⌈ k−1

2 ⌉

)
. (14)

The equality (14) makes the conjecture even more believable: if (13) holds for an odd
k, then it would immediately hold for k+1 due to the Fibonacci-type bounds (10) and the
established bounds (12).

The bounds (12) were obtained by constructing specific configurations on which the
derivatives attain these extreme values. Of course, there is no guarantee that some other
configurations won’t violate the Edge Perturbation Conjecture. In our research, we consid-
ered several possible families of configurations and wrote computer programs that would
go over the members of the families and search for extreme derivatives. The best that we
were able to find are the families of configurations that we call disjoint lanes, which are
surprisingly simple. We have considered variations in which the numbers of lanes was
higher than 2, but these turned out to be sub-optimal.

The extremal configurations require n to be large, making exhaustive computational
verification infeasible.

1.8. Related work and context. First-passage percolation was introduced by Hammer-
sley and Welsh [29]; we refer to [6] for a comprehensive survey. The best known upper
bound var( fn) ≤ C n/ logn is due to Benjamini, Kalai, and Schramm [11], extended to
general edge-weight distributions in [10] and [20]. The widely conjectured sharp bound is
var( fn) = O(n2χ) with χ = 1/3 in two dimensions [6]; the rigorous upper bound χ ≤ 1/2
is due to Kesten [33], and a proof that χ < 1/2 remains out of reach. Related variance
inequalities in the Boolean function setting appear in [41], the superconcentration frame-
work is developed in [15], and higher-order concentration inequalities for functions of
independent random variables are studied in [12]; the finite-difference calculus underlying
environment derivatives is treated in [39].

The proof of Theorem 1.1 requires understanding when second-order derivatives are
nonzero, which in turn requires analyzing configurations of geodesics. In the continuously
distributed setting, geodesics are unique and influential edges coincide with essential ones;
polynomial bounds P(A j)≤Cn−ξ were established in [19], strengthened by removing dif-
ferentiability assumptions in [1], and culminated in the coalescence results of [22]. In the
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two-valued setting studied here, multiple geodesics can coexist, introducing a richer struc-
ture of essential, semi-essential, influential, and very influential edges developed in [24];
the present paper builds directly on this structure in Section 6. Geodesic coalescence in
FPP has been studied in [30], [3], [43], and [35]. The fluctuation and transversal exponents
satisfy the KPZ scaling relation χ = 2ξ −1, proved in [38, 14] and generalized in [5]; the
asymptotic shape of FPP balls is studied in [18] and [16].

First-passage percolation belongs to the Kardar–Parisi–Zhang universality class [2, 17]
and can be viewed as the zero-temperature limit of directed polymers [48]. The value
χ = 1/3 in two dimensions was established rigorously in the TASEP model by Johansson
[32], with Tracy–Widom fluctuations [47]. The models we study here are discrete, but first-
passage percolation has been successfully generalized to Euclidean spatial models [31].
Large deviation estimates and scaling relations for spatial and lattice FPP models appear
in [8] and [9]. In the continuous PDE setting of random Hamilton–Jacobi equations, the
n/ logn variance bound was obtained in [37], homogenization results appear in [42, 4, 21],
and differentiability of the limit shape is studied in [7].

The almost-sure bounds proved in this paper and the Edge Perturbation Conjecture
connect to several threads in combinatorics. Glasby and Paseman [26, 27] studied ex-
trema of weighted binomial sums arising in coding theory; Byun and Poznanović [13]
extended this to a parametric family. The alternating binomial sums appearing in the proof
of Theorem 3.1 connect to lattice path enumeration via the Lindström–Gessel–Viennot
method [25, 34, 36], to explicit formulae for generalized binomial coefficients [40], and to
alternating-sum identities [28, 23].

2. ESSENTIAL AND INFLUENTIAL EDGES

Except for Proposition 2.1 below, the results in this section were proved in [24]. Propo-
sition 2.1 is trivial, but so important that it must be listed.

Proposition 2.1. For every i ̸= j, every α,β ∈ {a,b}, and every random variable ϕ ,

σ
α
i ◦σ

β

i = σ
α
i ; (15)

σ
α
i ◦σ

β

j = σ
β

j ◦σ
α
i ; (16)

(∂iϕ)◦σ
α
i = ∂iϕ; (17)

∂i∂iϕ = 0; (18)
∂i∂ jϕ = ∂ j∂iϕ; (19)

ϕ ·1ωi=α = ϕ ◦σ
α
i ·1ωi=α . (20)

For a fixed edge j ∈Wn, define the events A j and Â j with

A j =
{

ω ∈ Ωn : ∂ j f (ω) ̸= 0
}

; (21)

Â j =
{

ω ∈ Ωn : ∂ j f (ω) = b−a
}
. (22)

The edge j is called influential if the event A j occurred, and very influential if Â j occurred.
The following identities are set-theoretic consequences of (21), (22), and (17); a formal
derivation appears in [24], and a generalization is proved in (117) below. For every edge j
and every ξ ∈ {a,b},(

σ
ξ

j

)−1
(A j) = A j and

(
σ

ξ

j

)−1
(Â j) = Â j. (23)
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The edge j is called essential if each geodesic passes through j, and semi-essential if
at least one geodesic passes through j. We will denote by E j the event that the edge j is
essential and by Ê j the event that the edge j is semi-essential.

Proposition 2.2. The events E j, A j, Ê j, and Â j satisfy

A j = (σa
j )

−1 (E j) ; (24)

Â j = (σb
j )

−1(Ê j). (25)

Proposition 2.3. The following two propositions hold for every ω ∈ Ω.
(a) If σa

j (ω) ∈ EC
j , then f (σb

j (ω)) = f (σa
j (ω));

(b) If σb
j (ω) ∈ Ê j, then f (σb

j (ω)) = f (σa
j (ω))+(b−a).

The sets {ω j = a} and {ω j = b} are the ranges of the transformations σa
j and σb

j , i.e.

σ
a
j (Ω) = {ω j = a} and σ

b
j (Ω) = {ω j = b}. (26)

Proposition 2.4. For every j ∈W, the events E j, Ê j, A j, and Â j satisfy

σ
a
j (A j) = σ

a
j (A j ∩{ω j = b}) = A j ∩

{
ω j = a

}
= E j ∩

{
ω j = a

}
; (27)

σ
b
j (Â j) = σ

b
j (Â j ∩{ω j = a}) = Â j ∩

{
ω j = b

}
= Ê j ∩

{
ω j = b

}
. (28)

Proposition 2.5. For every j ∈W, the events E j, Ê j, A j, and Â j satisfy

E j ⊆ Ê j, Â j ⊆ A j,

E j ⊆ A j, Â j ⊆ Ê j. (29)

Proposition 2.6. Assume that ω ∈ E j. A path γ is a geodesic on ω if and only if it is a
geodesic on σa

j (ω).

If −→α ∈ {a,b}m and −→v ∈W m, define σ
−→
α−→v : Ω → Ω as

σ
−→
α−→v = σ

α1
v1

◦ · · · ◦σ
αm
vm , (30)

where α1, . . . , αm are the components of −→α and v1, . . . , vm are the components of −→v .

3. DISJOINT LANES

Our goal is to construct special, extreme environments in which the derivatives attain
very large positive values and very small negative values. These environments will be used
to establish the bounds in (12) from Theorem 1.3.

The proofs involve somewhat lengthy algebraic calculations. Such calculations are
omitted here and are presented in the Appendix.

In this section we will consider the first-passage percolation between two vertices, that
we will call source and sink. With minimal modifications, the arguments apply to the
first-passage percolation time on torus model from [11].

Fix non-negative integers m1, m2, β1, and β2 for which m1 +m2 ≥ 2; then fix a huge
integer N that satisfies

N > 2100·(1+a+b+ 1
b−a+m1+m2+β1+β2),

and, finally, choose an even bigger n such that n > 100N · ⌈ 1
b−a⌉. We will construct our

example on [−2n,2n]d . The source will be the vertex O = (−2n,0, . . . ,0) and the sink
will be the vertex V = (2n,0, . . . ,0). Let us identify the points O′ = (−2n+N,0, . . . ,0),
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•O •O′

•
O1

•
O2

•V•V ′

•
V1

•
V2γ2

γ1

FIGURE 1. Paths γ1 and γ2.

γ1

γ2

γ1

γ2

C1

C2

B1

B2

· · ·

· · ·

FIGURE 2. Position of sets C1, C2, B1, and B2 on the paths γ1 and γ2.

V ′ = (2n−N,0, . . . ,0), O1 = (−2n+N,N,0, . . . ,0), O2 = (−2n+N,−N,0, . . . ,0), V1 =
(2n−N,N,0, . . . ,0), V2 = (2n−N,−N,0, . . . ,0), and then build the paths γ1 and γ2 from
source to sink in the following way: γ1 is the shortest path consisting of 2n+2N vertices
that contains O, O′, O1, V1, V ′, and V ; γ2 is the shortest path consisting of 2n+2N vertices
that contains O, O′, O2, V2, V ′, and V . The configuration is shown in Figure 1.

On the section O1V1 of the path γ1, starting at the vertex (−2n+3N,N,0, . . . ,0), which
is 2N units to the right of O1, choose a block of m1 consecutive edges and call it C1.
Similarly, C2 is the block of m2 consecutive edges on γ2 that starts at the point (−2n+
3N,−N,0, . . . ,0) which is 2N units to the right of O2.

Let B1 be the block of β1 consecutive edges on γ1 that terminates at the edge (2n−
3N,N,0, . . . ,0), which is 2N units to the left of V1. Let B2 be the block of β2 consecutive
edges on γ2 that terminates at the edge (2n−3N,N,0, . . . ,0), which is 2N units to the left
of V2. The sets C1, C2, B1, and B2 are shown in Figure 2.

The set S will be defined to be S = C1 ∪C2. We will now make an assignment ω of
numbers from {a,b} to every edge in such a way that ∂S f (ω) is extreme.

The environment ω assigns the value b to all the edges from B1 and B2 and all the edges
outside of γ1 ∪ γ2. The environment ω assigns the value a to every edge in γ1 ∩ γ2 \ (B1 ∪
B2).

Define D(m1,m2;β1,β2) to be the environment derivative ∂S f (ω) for the pair (S,ω)
that was described above.

Theorem 3.1. The number D(m1,m2;β1,β2) is 0 if β1 −β2 ≥ m2 or β2 −β1 ≥ m1. If both
of the inequalities β1 −β2 ≤ m2 −1 and β2 −β1 ≤ m1 −1 are satisfied, then

D(m1,m2;β1,β2) = (b−a) · (−1)m1+m2+β1+β2 ·
(

m1 +m2 −2
m1 +β1 −β2 −1

)
. (31)

Proof. The proof is in the Appendix. □
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The next proposition implies the bounds (12) in Theorem 1.3.

Proposition 3.2. For every m ≥ 2, the following hold

Um ≥
(

m−2
⌈m−2

2 ⌉

)
and Lm ≤−

(
m−2
⌈m−2

2 ⌉

)
. (32)

Proof. If m is odd, then the bound for Um is attained when (31) is applied to (m1, m2; β1,
β2) = (m−1

2 , m+1
2 ; 1, 0). The bound for Lm is attained for (m1, m2; β1, β2) = (m+1

2 , m−1
2 ;

0, 0).
If m is even, then the bound for Um is attained for (m1, m2; β1, β2) = (m

2 , m
2 , 0, 0),

while the bound for Lm is attained for (m1, m2; β1, β2) = (m
2 −1, m

2 +1; 1, 0). □

4. ALMOST SURE BOUNDS

In this section we prove Theorem 1.3. We will first prove the inequalities (10). It suffices
to prove the proposition below.

Proposition 4.1. Assume ϕ is a random variable such that for every subset T ⊆ W with
k elements we have ∂T ϕ ∈ [L,U ]. Then, the following inequality holds for every subset
S ⊆W with k+1 elements.

∂Sϕ ∈ [L−U,U −L]. (33)

Proof. Let s be an arbitrary element of S. Let T = S\{s}.

∂Sϕ(ω) = ∂T ϕ(σb
s (ω))−∂T ϕ(σa

s (ω)).

The result (33) immediately follows from the previous equality. □

Theorem 4.2. Let k ∈ W and let S ⊆ W be a subset with at least two elements. The
derivatives of the first-passage percolation time f satisfy the following inequalities for
every ω ∈ Ω.

∂k f (ω) ∈ [0,b−a]; (34)
∂S f (ω) ∈ [−(b−a),b−a], if |S|= 2; (35)

|∂S f (ω)| ≤ 2|S|−2 · (b−a). (36)

Proof. The relation (34) is obvious because the function f must increase, and it can in-
crease by at most b− a if one edge changes its passage time from a to b. Observe that
for sets S with two elements, the relation (35) and the inequality (36) follow directly from
(34) and (33). Observe that if ϕ is any function, and not just first passage percolation time,
then (2) implies |∂Gϕ(ω)| ≤ 2|G|∥ϕ∥∞ for every set G. Assume now that S has at least two
elements k and l. Let G = S\{k, l}.

|∂S f (ω)| = |∂G (∂k∂l f (ω))| ≤ 2|G| · ∥∂k∂l f∥
∞

≤ 2|G| · (b−a).

The proof is complete once we observe that |G|= |S|−2. □

Theorem 4.3. The values U1, L1, U2, and L2 are given in the table

k 1 2
Uk 1 1
Lk 0 −1
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Proof. The inequality (34) implies that U1 ≤ 1 and L1 ≥ 0. Trivial examples establish the
equalities U1 = 1 and L1 = 0. For concreteness, take the source (0,0) and the sink (0,1)
in Z2. If we assign a to every edge and choose the edge k to be anything other than the
edge between the source and the sink, the derivative will be 0. If we assign b to every edge
and choose k to be the edge connecting the source and the sink, then the derivative will be
(b−a).

The case k = 2 is the consequence of (35) and (32). The inclusion (35) implies U2 ≤ 1
and L2 ≥−1. The inequalities (32) imply U2 ≥ 1 and L2 ≤−1. □

5. EVALUATION OF U3 , L3 , U4 , AND L4

5.1. Upper bounds.

Theorem 5.1. Let S ⊆ W be a subset with three elements. The first passage percolation
time f satisfies the following inequality for every ω ∈ Ω

∂S f (ω) ≤ (b−a). (37)

Proof. Let S= {k, l,m}. We will make our notation shorter and write σ (θ1,θ2,θ3)(ω) instead
of σ

θ1
k ◦σ

θ2
l ◦σ

θ3
m (ω) for (θ1,θ2,θ3) ∈ {a,b}3. We will first prove that the inequality (37)

is satisfied if

σ
(a,a,a)(ω) ∈ EC

k ∪EC
l ∪EC

m. (38)

If we assume σ (a,a,a)(ω) ∈ EC
k , then Proposition 2.3 (a) implies that f (σ (b,a,a)(ω)) and

f (σ (a,a,a)(ω)) are equal, i.e. ∂k f (σ (a,a,a)(ω)) = 0. Then,

∂S f (ω) = ∂k f (σ (a,b,b)(ω))−∂k f (σ (a,a,b)(ω))−∂k f (σ (a,b,a)(ω))

≤ (b−a).

We have proved that σ (a,a,a)(ω) ∈ EC
k implies ∂S f (ω) ≤ (b− a). In analogous ways we

prove that the inequality (37) is implied if σ (a,a,a)(ω) belongs to EC
l or EC

m.
We will now prove that (37) holds if

σ
(b,a,b)(ω) ̸∈ ÊC

k ∩El ∩ ÊC
m. (39)

If σ (b,a,b)(ω)∈EC
l , then ∂l f (σ (b,a,b)(ω)) = 0, due to Proposition 2.3 (a). The derivative

∂S f (ω) becomes

∂S f (ω) = −∂l f (σ (a,a,b)(ω))−∂l f (σ (b,a,a)(ω))+∂l f (σ (a,a,a)(ω))

≤ −0−0+(b−a) = b−a.

Assume now that σ (b,a,b)(ω) ∈ Êk. Proposition 2.3 (b) implies ∂k f (σ (a,a,b)(ω)) = b− a.
Therefore,

∂S f (ω) = −(b−a)+∂k f (σ (a,b,b)(ω))−∂k f (σ (a,b,a)(ω))+∂k f (σ (a,a,a)(ω))

≤ −(b−a)+(b−a)−0+(b−a) = (b−a).

Since the case σ (b,a,b)(ω)∈ Êm is analogous, we have completed the proof of (39). In anal-
ogous way we prove that ∂S f (ω)≤ (b−a) holds if either of the following two inclusions
is satisfied:

σ
(a,b,b)(ω) ̸∈ Ek ∩ ÊC

l ∩ ÊC
m or σ

(b,b,a)(ω) ̸∈ ÊC
k ∩ ÊC

l ∩Em.
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• • • • • •k l m

L− L+

γ−(b,a,b)

γ+(b,a,b)

FIGURE 3. Configuration of paths described in the proof of Theorem 5.1.

It remains to prove (37) if we assume that all of the following four conditions are satisfied

σ
(a,b,b)(ω) ∈ Ek ∩ ÊC

l ∩ ÊC
m, (40)

σ
(b,a,b)(ω) ∈ ÊC

k ∩El ∩ ÊC
m, (41)

σ
(b,b,a)(ω) ∈ ÊC

k ∩ ÊC
l ∩Em, (42)

σ
(a,a,a)(ω) ∈ Ek ∩El ∩Em. (43)

Let γ be a geodesic on σ (a,a,a)(ω). Since we assumed (43), all of the edges k, l, and m
must belong to γ . Without loss of generality, assume that they appear in this order: k, l, m.
Let γ(b,a,b) be a geodesic on σ (b,a,b)(ω). According to (41), the geodesic γ(b,a,b) must
pass through l and must not pass through either of k, m. Let γ−(b,a,b) and γ+(b,a,b) be
the sections of γ(b,a,b) before and after the edge l. The sections γ−(b,a,b) and γ+(b,a,b)
are assumed not to contain the edge l. Let us denote by T−(b,a,b) and T+(b,a,b) the
passage times over the sections γ−(b,a,b) and γ+(b,a,b).

When the geodesic γ passes through the edge l, it must pass through both of its end-
points. One of these endpoints is encountered before the other. Let L− denote the initial
endpoint and L+ the terminal endpoint of the edge l.

There are two possible orders of L− and L+ on the path γ(b,a,b). The first possibility
is that the endpoint L− appears before L+ on γ(b,a,b). This possibility is shown with solid
line in Figure 3. The second possibility is that L+ appears before L−. The dashed line in
Figure 3 represents the case in which this occurs.

Let us denote by T− the passage time on the environment σ (a,a,a)(ω) over the segment
of γ between the source and just before reaching the edge l. Denote by T+ the passage
time on σ (a,a,a)(ω) over the segment after the edge l until the sink. The following equations
must hold

f (σ (a,a,a)(ω)) = T−+T++a, (44)

f (σ (b,a,b)(ω)) = T−(b,a,b)+T+(b,a,b)+a.. (45)

In the case when L− appears before L+ on γ(b,a,b), the following two inequalities are
satisfied:

f (σ (a,a,b)(ω)) ≤ T−+T+(b,a,b)+a, (46)

f (σ (b,a,a)(ω)) ≤ T−(b,a,b)+T++a. (47)
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FIGURE 4. Configuration described in proof of Proposition 5.2.

If L+ appears before L−, then even stronger relations hold:

f (σ (a,a,b)(ω)) ≤ T−+T+(b,a,b), (48)

f (σ (b,a,a)(ω)) ≤ T−(b,a,b)+T+. (49)

Clearly, (48) and (49) imply (46) and (47) are satisfied. Hence, (46) and (47) hold always.
The relations (44), (45), (46), and (47) imply

f (σ (a,a,b)(ω))+ f (σ (b,a,a)(ω))− f (σ (b,a,b)(ω))− f (σ (a,a,a)(ω)) ≤ 0. (50)

Therefore, the derivative ∂S f (ω) can be bounded in the following way

∂S f (ω) ≤ ∂k f (σ (a,b,b)(ω))−∂k f (σ (a,b,a)(ω)). (51)

Since the derivatives of the first order belong to [0,b− a], the first term on the right-hand
side in (51) is smaller than or equal to (b− a) while ∂k f (σ (a,b,a)(ω)) is greater than or
equal to 0. Therefore, (51) implies (37). □

5.2. Direction switching. We first prove that we cannot have two geodesics on the same
environment that go in opposite directions over an edge.

Proposition 5.2. Assume that k is an edge and that K1 and K2 are the endpoints of k.
Assume that ω is a fixed environment and that there are two geodesics µ1 and µ2 on ω that
contain k. Then the order of K1 and K2 on µ1 must be the same as the order of K1 and K2
on µ2.

Proof. Assume the contrary, that the order of K1 and K2 is different on µ1 and µ2. Assume
that K1 appears before K2 on µ1 and that K2 appears before K1 on µ2. Let µ

−
1 be the section

of µ1 from the source to the vertex K1 and µ
+
1 the section of µ1 from the vertex K2 to the

sink. Let µ
−
2 be the section of µ2 from the source to K2 and µ

+
2 the section of µ2 from K1

to the sink. The paths µ
−
1 ∪ µ

+
2 and µ

−
2 ∪ µ

+
1 are two paths between the source and the

sink. Their passage times are at least as big as the passage times over the geodesics µ1 and
µ2. Therefore,

T (µ1)≤ T (µ−
1 ∪µ

+
2 ) and T (µ2)≤ T (µ−

2 ∪µ
+
1 ). (52)

Moreover,

T (µ1) = T (µ−
1 )+T (µ+

1 )+ωk, (53)

T (µ2) = T (µ−
2 )+T (µ+

2 )+ωk, (54)

T (µ−
1 ∪µ

+
2 ) = T (µ−

1 )+T (µ+
2 ), (55)

T (µ−
2 ∪µ

+
1 ) = T (µ−

2 )+T (µ+
1 ). (56)
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FIGURE 5. Configuration described in proof of Proposition 5.3.

If we add the two inequalities from (52) and then use (53), (54), (55), and (56), we obtain
that 2ωk ≤ 0. This is a contradiction because ωk ∈ {a,b} and must be strictly positive. □

In the next proposition we will prove that the direction of the flow cannot switch if only
one edge is flipped from a to b.

Proposition 5.3. Assume that k and x are two edges and that K1 and K2 are the endpoints
of k. Assume that ω is a fixed environment such that on σa

x (ω) there is a geodesic λa that
contains k and on σb

x (ω) there is a geodesic λb that contains k. Then, the order of K1 and
K2 on λa is the same as their order on λb.

Proof. We will only consider the case k ̸= x. The case k = x is easier, and it will be
discussed in the remark below the proof. Assume the contrary, that K1 appears before K2
on λa, but K2 appears before K1 on λb. Let λ−

a be the section of λa before K1. Let λ+
a be

the section of λa after K2. Define λ
−
b and λ

+
b as the sections of λb that appear before K2

and after K1, respectively.
We first show that x /∈ λb. Suppose, for the sake of contradiction, that x ∈ λb. Even

though the value b is assigned to the edge x, the geodesic λb passes through x. On the
environment σa

x (ω), when the value a is assigned to x, the path λb must therefore still be a
geodesic. Hence, λa and λb are both geodesics in σa

x (ω), contradicting Proposition 5.2.
Therefore, x ̸∈ λb. We will now prove that we must have x ∈ λa. Assume that x ̸∈ λa.

This means that even though a is assigned to x, there is a geodesic λa that omits x. Hence,
if b is assigned to x, then λa will be a geodesic as well. We now have that λa and λb are
geodesics on σb

x (ω), which is impossible because of Proposition 5.2.
Hence, x ∈ λa. Without loss of generality, assume that x ∈ λ−

a , as shown in Figure 5.
The value ωk from {a,b} that is assigned to the edge k is the same on σa

x (ω) and σb
x (ω).

The path λa = λ−
a ∪{k}∪λ+

a is a geodesic on σa
x (ω), while λ−

a ∪λ
+
b is just a path from

the source to the sink. Therefore, we must have

ωk +T (λ+
a ) ≤ T (λ+

b ). (57)

The path λb is a geodesic on σb
x (ω). The path λ

−
b ∪λ+

a does not have to be a geodesic,
hence

ωk +T (λ+
b ) ≤ T (λ+

a ). (58)

If we add (57) and (58), we obtain 2ωk ≤ 0. This is a contradiction. □

Remark. In the case k = x, we can skip all the case-work needed to establish that x ∈ λa.
We just make a slight modification to the proof by replacing ωk by a in (57) and by b in
(58). The conclusion a+b ≤ 0 leads to contradiction in this case.
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FIGURE 6. Case l ∈ λ− and m ∈ λ+.

Definition 5.4. Assume that k, l, and m are three different fixed edges. The edge k is called
a direction switching edge with respect to the pair of edges (l,m) on the environment ω if
the two endpoints K1 and K2 of k satisfy: On the environment σa

l σb
m(ω) there is a geodesic

such that K1 is before K2; while on the environment σb
l σa

m(ω) there is a geodesic such that
K2 is before K1.

Proposition 5.5. Assume that S = {k, l,m} and that k is a direction switching edge with
respect to (l,m). Let K1 and K2 be the endpoints of k. Let λ and µ be two fixed paths.
Assume that λ is a geodesic on σa

l σb
m(ω) and that K1 appears before K2 on λ . Assume

that µ is a geodesic on σb
l σa

m(ω) and that K2 appears before K1 on µ . Denote by λ− the
section of λ between the source and K1 and by λ+ the section of λ between K2 and the
sink. Similarly, let µ− and µ+ be the sections of µ before and after the edge k. Then, one
of the following two mathematical propositions P(λ−,µ+) and P(λ+,µ−) is satisfied

P(λ−,µ+) ≡
{
(l ∈ λ

−) and (m ∈ µ
+)
}
, (59)

P(λ+,µ−) ≡
{
(l ∈ λ

+) and (m ∈ µ
−)
}
. (60)

Proof. Due to Propositions 5.2 and 5.3, we must have {l,m} ⊆ λ ∪µ .
Let us prove that we can’t have {l,m} ⊆ λ or {l,m} ⊆ µ . Assume the contrary, that

both of l and m belong to λ . We have four cases: when {l,m} ⊆ λ−; {l,m} ⊆ λ+; l ⊆ λ−

and m ∈ λ+; and l ⊆ λ+ and m ∈ λ−.
The first two cases are simpler and analogous. The passage times over λ−, λ+, µ−, and

µ+ remain the same if the environment changes from σa
l σb

m(ω) to σb
l σa

m(ω). Therefore,
both µ and λ are geodesics on each of the two environments. The path λ− ∪ µ+ has
passage time at least as big as the geodesic λ , hence

T (λ−)+T (µ+)≥ T (λ−)+ωk +T (λ+).

In an analogous way we obtain

T (µ−)+T (λ+)≥ T (µ−)+ωk +T (µ+).

If we add the last two inequalities, we obtain 0 ≥ 2ωk, which is impossible because ωk ∈
{a,b} and b > a > 0.

If we assume that l ∈ λ− and m ∈ λ+, then we have a situation as shown in Figure 6.
We start by analyzing the environment σa

l σb
m(ω). The passage over λ must be smaller than

or equal to the passage over λ−∪µ+, i.e.

ωk +b+T (λ+ \m)≤ T (µ+). (61)
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FIGURE 7. Case m ∈ λ− and l ∈ λ+.

On the environment σb
l σa

m(ω), the passage over µ is smaller than or equal to the passage
time over µ−∪λ+, which give us

ωk +T (µ+) ≤ a+T (λ+ \{m}). (62)

If we add (61) and (62) and then subtract T (λ+ \{m})+T (µ+) from both sides, we obtain
2ωk +b ≤ a. This is a contradiction because ωk ∈ {a,b} and b > a > 0.

The case m ∈ λ− and l ∈ λ+ is very similar. It corresponds to Figure 7. On σa
l σb

m(ω),
we use that T (λ )≤ T (µ−∪λ+) to obtain

T (λ− \{m})+b+ωk ≤ T (µ−). (63)

On σb
l σa

m(ω), the passage time over µ must be smaller than or equal to the passage time
over λ−∪µ+. The inequality T (µ)≤ T (λ−∪µ+) is equivalent to

T (µ−)+ωk ≤ T (λ− \{m})+a. (64)

Adding (63) and (64) and subtracting T (λ− \ {m})+T (µ−) implies 2ωk + b ≤ a, which
is not possible.

We proved that {l,m} ⊆ λ ∪µ , {l,m} ̸⊆ λ , and {l,m} ̸⊆ µ .
Therefore, λ contains exactly one of the edges {l,m} and µ contains the other one. Let

us prove that we can’t have m∈ λ and l ∈ µ . Assume the contrary. The path λ is a geodesic
when the value a is assigned to l and the value b is assigned to m; while µ is a geodesic
when a is assigned to m and b is assigned to l. Since we assumed m ∈ λ \µ and l ∈ µ \λ ,
we have

f (σa
l σ

b
m(ω)) = T (λ ,σa

l σ
b
m(ω)) = T (λ ,σb

m(ω)).

In the last equality we used that l ̸∈ λ . We now use that m ∈ λ to further conclude

f (σa
l σ

b
m(ω)) = T (λ ,σa

m(ω))+(b−a) = T (λ ,σb
l σ

a
m(ω))+(b−a).

Again, in the last equality we used that l ̸∈ λ . Now we use the last equation and the fact
that µ is a geodesic on the environment σb

l σa
m(ω) to obtain

f (σa
l σ

b
m(ω)) ≥ f (σb

l σ
a
m(ω))+(b−a) = T (µ,σb

l σ
a
m(ω))+(b−a).

Since m ̸∈ µ and l ∈ µ , the last inequality implies

f (σa
l σ

b
m(ω)) ≥ T (µ,σb

l (ω))+(b−a) = T (µ,σa
l (ω))+2(b−a).

We use that m ̸∈ µ to further transform the last inequality into

f (σa
l σ

b
m(ω)) ≥ T (µ,σa

l σ
b
m(ω))+2(b−a)

≥ f (σa
l σ

b
m(ω))+2(b−a).

This is a contradiction because b > a. Therefore, l ∈ λ and m ∈ µ .
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FIGURE 8. Geodesics λ and µ if the proposition P(λ−,µ−) is satisfied.
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FIGURE 9. Geodesics λ and µ under the assumptions l ∈ λ− and m ∈ µ+.

In order to prove that P(λ−,µ+) or P(λ+,µ−) is satisfied, we must prove that neither
of the following two propositions P(λ−,µ−), P(λ+,µ+) can hold.

P(λ−,µ−) ≡
{
(l ∈ λ

−) and (m ∈ µ
−)
}
, (65)

P(λ+,µ+) ≡
{
(l ∈ λ

+) and (m ∈ µ
+)
}
. (66)

Assume that P(λ−,µ−) is satisfied. This configuration is shown in Figure 8. Then,
since λ−∪µ+ is not a geodesic on the environment σa

l σb
m(ω), while λ is, we obtain

T (µ+) ≥ ωk +T (λ+). (67)

Since µ−∪λ+ is not a geodesic on σb
l σa

m(ω), while µ is, we derive

T (λ+) ≥ ωk +T (µ+). (68)

Adding the inequalities (67) and (68) implies 0 > 2ωk, which is a contradiction. In an
analogous way we treat the case in which P(λ+,µ+) holds.

Thus, we have proved that one of the mathematical propositions P(λ−,µ−), P(λ+,µ+)
must be satisfied. □

Proposition 5.6. Assume that S = {k, l,m} and that for fixed environment ω , k is a direc-
tion switching edge with respect to (l,m) on ω . Then, ωk = a and the numbers a and b
must satisfy

b ≥ 3a. (69)

Proof. Let us define λ , µ , λ±, and µ± as in Proposition 5.5. The same proposition allows
us to assume that l ∈ λ− and m ∈ µ+ as in Figure 9.

Let us get some consequences of the fact that λ is a geodesic on σa
l σb

m(ω). The path
µ−∪λ+ cannot have a shorter passage time than λ . Hence, the passage time over λ−∪{k}
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must be smaller than or equal to the passage time over µ−, i.e.

T (µ−) ≥ T (λ− \{l})+a+ωk. (70)

On the environment σb
l σa

m(ω), the path µ is a geodesic, while λ− ∪ µ+ does not have to
be. Hence, the section µ− ∪{k} has shorter passage time than λ−, when the value b is
assigned to l. Therefore,

T (µ−)+ωk ≤ T (λ− \{l})+b. (71)

The inequalities (70) and (71) imply b ≥ a+2ωk. This inequality is impossible if ωk = b.
Thus, ωk = a and (69) must hold. □

Proposition 5.7. Assume that S = {k, l,m} and that for fixed environment ω , k is a direc-
tion switching edge with respect to (l,m). The following inequality must hold

∂S f (ω) ≥ 3a−b. (72)

Proof. According to Proposition 5.6, we know that ωk = a. We will write σ
−→
ξ (ω) instead

of σ

−→
ξ

(k,l,m)
(ω) for

−→
ξ ∈ {a,b}3. The following two inequalities are obvious because they

follow from ∂z f (ω)≥ 0 for every edge z.

f (σ (b,b,b)(ω))≥ f (σ (a,b,b)(ω)) and f (σ (b,a,a)(ω))≥ f (σ (a,a,a)(ω)). (73)

Let us define λ , µ , λ±, and µ± as in Proposition 5.5. Without loss of generality, due to
Proposition 5.5, we may assume that l ∈ λ− and m ∈ µ+ as in Figure 9. Assume that
ωk = b.

Since λ is a geodesic on σ (a,a,b)(ω), we have

f (σ (a,a,b)(ω)) = T (λ− \{l})+T (λ+)+2a. (74)

In a similar way we obtain

f (σ (a,b,a)(ω)) = T (µ−)+T (µ+ \{m})+2a. (75)

The passage times over λ− ∪ µ+ on the environments σ (b,a,b)(ω) and σ (b,b,a)(ω) are the
same because the path λ−∪µ+ contains both l and m. We will use T1 to denote these two
passage times, i.e. T1 = T (λ−∪µ+,σ (b,a,b)(ω)).

The passage times over µ− ∪λ+ are also the same on σ (b,a,b)(ω) and σ (b,b,a)(ω) be-
cause µ−∪λ+ contains neither l nor m. We will use T2 to denote these passage times.

The shortest passage times on σ (b,a,b)(ω) and σ (b,b,a)(ω) are bounded above by the
number min{T1,T2}. The numbers T1 and T2 satisfy

T1 = T (λ− \{l})+T (µ+ \{m})+a+b, (76)
T2 = T (µ−)+T (λ+). (77)

We now use f (σ (b,a,b)(ω)) ≤ min{T1,T2}, f (σ (b,b,a)(ω)) ≤ min{T1,T2}, (73), (74),
(75), (76), and (77) to find a lower bound for ∂S f (ω). First, we use (73) to obtain

∂S f (ω) ≥ − f (σ (b,a,b)(ω))− f (σ (b,b,a)(ω))+ f (σ (a,a,b)(ω))+ f (σ (a,b,a)(ω)).

Next, we use f (σ (b,a,b)(ω)) ≤ min{T1,T2} and f (σ (b,b,a)(ω)) ≤ min{T1,T2} to further
bound ∂S f (ω) as

∂S f (ω) ≥ f (σ (a,a,b)(ω))+ f (σ (a,b,a)(ω))−2min{T1,T2}.
The equalities (74), and (75) further imply

∂S f (ω) ≥ 4a+T (λ− \{l})+T (λ+)+T (µ−)+T (µ+ \{m})−2min{T1,T2}.
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Finally, the last inequality, (76), and (77) imply

∂S f (ω) ≥ 3a−b+T1 +T2 −2min{T1,T2}.

It remains to observe that T1 +T2 ≥ 2min{T1,T2}, hence (72) is established. □

5.3. Lower bounds.

Theorem 5.8. Let S ⊆ W be a subset with three elements. The first passage percolation
time f satisfies the following inequality for every ω ∈ Ω

∂S f (ω) ≥ −(b−a). (78)

Proof. Let S = {k, l,m}. Due to Proposition 5.7 and 3a− b > −(b− a), we may assume
that none of the edges is direction-switching with respect to the other two.

We will first prove the following implication

σ
(a,a,b)(ω) ̸∈ Ek ∩El ∩ ÊC

m =⇒ ∂S f (ω)≥−(b−a) (79)

The result (79) will follow from the following two

σ
(a,a,b)(ω) ∈ EC

k =⇒ ∂S f (ω)≥−(b−a), (80)

σ
(a,a,b)(ω) ∈ Êm =⇒ ∂S f (ω)≥−(b−a). (81)

The first step in proving (80) is to express the derivative ∂S f (ω) as

∂S f (ω) =
(

f (σ (b,b,b)(ω))− f (σ (b,b,a)(ω))
)

(82)

+
(

f (σ (b,a,a)(ω))− f (σ (a,a,a)(ω))
)

(83)

−
(

f (σ (b,a,b)(ω))− f (σ (a,a,b)(ω))
)

(84)

−
(

f (σ (a,b,b)(ω))− f (σ (a,b,a)(ω))
)
. (85)

Assume that σ (a,a,b)(ω) ∈ EC
k . Proposition 2.3 (a) implies that the term (84) is equal to 0.

The terms (82) and (83) are non-negative, and the negative term (85) is bounded below by
−(b−a), which proves (80). In order to prove (81), we start by expressing ∂S f (ω) as

∂S f (ω) =
(

f (σ (b,b,b)(ω))− f (σ (b,b,a)(ω))
)

(86)

+
(

f (σ (a,a,b)(ω))− f (σ (a,a,a)(ω))
)

(87)

−
(

f (σ (b,a,b)(ω))− f (σ (b,a,a)(ω))
)

(88)

−
(

f (σ (a,b,b)(ω))− f (σ (a,b,a)(ω))
)
. (89)

Assume that σ (a,a,b)(ω) ∈ Êm. Proposition 2.3 (b) implies that the term (87) is equal to
(b−a). The term (86) is non-negative. The terms (88) and (89) are negative but bounded
below by −(b−a). Therefore, ∂S f (ω) is bounded below by (b−a)−2(b−a) =−(b−a).
This completes the proof of (81).

We proved (79) which states that the inequality ∂S f (ω) ≥ −(b− a) is satisfied unless
σ (a,a,b)(ω) is an element of Ek ∩El ∩ ÊC

m. The analogous statements hold for σ (a,b,a)(ω)

and σ (b,a,a)(ω). Hence, the required bound (78) is proved unless all of the following three
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• •m

••
l

• •
k

Lm Rm

Lk Rk

Ll Rl

ekm

ekl

elm

FIGURE 10. Case in which ≺ has no minimum.

inclusions are satisfied

σ
(a,a,b)(ω) ∈ Ek ∩El ∩ ÊC

m, (90)

σ
(a,b,a)(ω) ∈ Ek ∩ ÊC

l ∩Em, and (91)

σ
(b,a,a)(ω) ∈ ÊC

k ∩El ∩Em. (92)

Hence, it suffices to prove ∂S f ≥ −(b−a) under the conditions (90), (91), and (92). Due
to σ (a,a,b)(ω)∈ ÊC

m, there exists a geodesic on σ (a,a,b)(ω) that does not contain the edge m.
Let us fix one such geodesic and denote it by γkl . Since σ (a,a,b)(ω) ∈ Ek ∩El , the geodesic
γkl must contain both edges k and l. We define the geodesics γlm and γkm in analogous
ways. Once the paths γkl , γlm, and γkm are fixed, we define the relation ≺ on {k, l,m}. We
will write k ≺ l if on the path γkl the edge k appears before the edge l when moving from
the source to the sink. There are two cases:

• Case 1: The relation ≺ does not have a minimum;
• Case 2: The relation ≺ has a minimum.

Case 1. This case is easier to consider. We may assume that k ≺ l, l ≺ m, and m ≺ k.
As we mentioned earlier, the Proposition 5.7 allowed us to assume that the directions of

the flow over the edges k, l, and m is the same on the environments σ (a,a,b)(ω), σ (a,b,a)(ω),
and σ (b,a,a)(ω).

Let us denote by ekl the total passage time between the edges k and l on the geodesic
γkl . We define ekm and elm in analogous way. Let us denote by Lk the total passage time on
the geodesic γkl before the edge k. Let Rl be the total passage time on the geodesic γkl after
the edge l. The numbers Lm, Ll , Rk, and Rm are defined in similar ways. Let us emphasize
that none of the previously defined passage times includes the edges k, m, and l.

Since the paths γkl , γlm, and γkm are fixed, the quantities e··, R·, and L· that we defined
above are the same on the environments σ

−→
θ (ω) for all eight choices

−→
θ ∈ {a,b}3. We will

now prove the following identities

f (σ (a,a,b)(ω)) = Lk + ekl +Rl +2a, (93)

f (σ (a,b,a)(ω)) = Lm + ekm +Rk +2a, (94)

f (σ (b,a,a)(ω)) ≥ f (σ (a,a,a)(ω)), (95)

f (σ (b,b,b)(ω)) ≥ f (σ (b,b,a)(ω)), (96)

f (σ (b,a,b)(ω)) ≤ Ll +a+Rl , (97)

f (σ (a,b,b)(ω)) ≤ Lk +a+Rk. (98)
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FIGURE 11. Case in which k ≺ l ≺ m.

The equalities (93) and (94) are due to the definitions of γkl and γkm. The inequalities (95)
and (96) are the consequences of monotonicity.

Let us prove (97). On the environment σ (b,a,b)(ω), we will construct a path δ such that

T (δ ,σ (b,a,b)(ω)) = Ll +a+Rl .

Let us identify the section of the path γlm before the edge l and call it δ1. It has the passage
time Ll . Let us consider the section of the path γkl after the edge l. This section will be
called δ2. Its passage time is Rl . Now we define δ = δ1 ∪{l}∪ δ2. This path δ connects
the source and the sink. Its passage time is Ll +a+Rl , hence (97) must hold.

The inequality (98) is proved in a similar way.
From (93)–(98) we obtain

∂S f (ω) ≥ (Lk + ekl +Rl +2a)+(Lm + ekm +Rk +2a)

−(Ll +a+Rl)− (Lk +a+Rk)

= ekl +Lm + ekm +2a−Ll . (99)

Let us consider the geodesic γlm on the environment σ (b,a,a)(ω). Let us consider ξ̂ that
consists of the union of the left part of γkm and the right part of γlm. The path ξ = ξ̂ ∪{m}
is a path between the source and the sink whose passage time is Lm +a+Rm. Hence, we
found a path between the source and the sink whose passage time is equal to Lm +a+Rm.
Since γlm is a geodesic with passage time Ll + elm +Rm + 2a, we obtain Lm + a+Rm ≥
Ll + elm +Rm +2a. The last inequality is equivalent to Lm −Ll ≥ elm +a. The inequality
(99) turns into ∂S f (ω) ≥ ekl + ekm + elm + 3a ≥ 3a > −(b− a). We have completed the
proof in Case 1.
Case 2. We may assume that k is the minimum, i.e. k ≺ l and k ≺ m. Without loss of
generality, we may assume that l ≺ m.

Figure 11 corresponds to the situation in which k ≺ l ≺ m.
The sections of the paths γkl and γkm before the edge k must have equal passage times.

Let us denote by Lk the common passage time of these sections. We may modify one of
the paths γkl and γkm in such a way that the sections before k actually coincide. In a similar
way, the passage times after the edge m on the paths γkm and γlm are equal. We will denote
these passage times by Rm. We define Ll as the passage time over the path γlm before the
edge l; Rl the passage time over γkl after l. We define ekl , elm, and ekm as passage times
over the open intervals (k, l), (l,m), and (k,m) on the paths γkl , γlm, and γkm, respectively.
Let us define the real number θ in such a way that ekm = ekl + elm +a+θ , i.e.

θ = ekm − ekl − elm −a. (100)
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FIGURE 12. The labels Ll , ekm, and RL are replaced with their equivalent
values involving θ , θL, and θR.

We don’t know whether θ is positive or negative. However, we will be able to prove that
θ satisfies the inequality

θ ≤ b−a, (101)

which is sufficient for our needs. On the environment σ (a,b,a)(ω), the minimal passage
time is over the path γkm. This passage time is Lk + ekm +Rm + 2a. Consider the path
in which the segment (k,m) is replaced with (k, l)∪ {l} ∪ (l,m) (i.e., the section of γkl
between k and l, the edge l, and the section of γlm between l and m). The passage time of
this path is Lk +ekl +elm +Rm +2a+b. The latter number is larger than the former, hence

Lk + ekl + elm +Rm +2a+b > Lk + ekm +Rm +2a,

which, together with (100), implies (101).
Let us define the real numbers θL and θR with the following two identities

Ll = Lk + ekl +a+θL, (102)
Rl = Rm + elm +a+θR. (103)

The numbers θL and θR must belong to the interval (0,b− a]. Let us prove that θL ∈
(0,b−a]. We need to prove θL > 0 and θL ≤ b−a.

In order to prove θL > 0, we start by observing that on σ (a,a,b)(ω), every geodesic must
go through k. The path γkl is a geodesic. Let us take the section of this geodesic before
the edge l and replace it with the corresponding section of γlm. We obtain a path that is not
a geodesic because it omits k, while (90) claims that every geodesic on σ (a,a,b)(ω) must
contain k. The change of passage time must satisfy

0 < Ll −Lk −a− ekl = θL. (104)

Let us now prove that θL ≤ b−a. Consider the environment σ (b,a,a)(ω). The path γlm is
a geodesic. Let us denote by γ

−
kl the section of γkl before the edge l. Let γ

+
lm be the section

of γlm after the edge l. The path γ
−
kl ∪{l}∪ γ

+
lm is a path from the source to the sink that

has passage time Lk + ekl + elm +Rm + 2a+ b. The passage time over the geodesic γlm is
Ll + elm +Rm +2a. From

Ll + elm +Rm +2a ≤ Lk + ekl + elm +Rm +2a+b,

we obtain Ll ≤ Lk + ekl +b. The last inequality and (102) imply θL ≤ (b−a).
In an analogous way we prove that θR ∈ (0,b−a].
We can now update our picture. Figure 12 shows the geodesics in which the labels Ll ,

ekm, and RL are replaced with their equivalent values involving θ , θL, and θR.
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Since γkl , γlm, and γkm are geodesics on σ (a,a,b)(ω), σ (b,a,a)(ω), and σ (a,b,a)(ω), respec-
tively, we obtain

f (σ (a,a,b)(ω)) = Lk +Rm + ekl + elm +3a+θR, (105)

f (σ (a,b,a)(ω)) = Lk +Rm + ekl + elm +3a+θ , (106)

f (σ (b,a,a)(ω)) = Lk +Rm + ekl + elm +3a+θL. (107)

Due to monotonicity we have

f (σ (b,b,b)(ω)) ≥ f (σ (a,b,b)(ω)). (108)

Let us consider the environment σ (b,a,b)(ω). We will construct a path ζ that has a low
passage time and that will provide a useful upper bound for f (σ (b,a,b)(ω)). Let γ

−
lm be the

section of γlm before l. Let γ
+
kl be the section of γkl after l. Define ζ = γ

−
lm ∪{l}∪ γ

+
kl . The

passage time over ζ is equal to Lk+ ekl+ θL+ Rm+ elm+ θR+ 3a. The passage time over
ζ is greater than or equal to the minimal passage time, hence

f (σ (b,a,b)(ω)) ≤ Lk +Rm + ekl + elm +3a+θL +θR. (109)

The minimal passage time f (σ (b,b,a)(ω)) is smaller than or equal to the minimum of the
passage times over the paths γlm and γkm, hence

f (σ (b,b,a)(ω)) ≤ Lk +Rm + ekl + elm +2a+b+min{θL,θ}. (110)

Finally, let us consider the environment σ (a,a,a)(ω). By considering the passage time over
the path γkm, we obtain

f (σ (a,a,a)(ω)) ≤ Lk +Rm + ekl + elm +3a+θ . (111)

Let us construct an alternative path γ ′ on the environment σ (a,a,a)(ω). We replace the
section (k,m) with the sections (k, l) and (l,m) of the paths γkl and γlm. We must also
add the edge l in order for γ ′ to connect source to the sink. The passage time over γ ′ is
Lk +Rm + ekl + elm +3a, hence

f (σ (a,a,a)(ω)) ≤ Lk +Rm + ekl + elm +3a. (112)

The inequalities (111) and (112) imply

f (σ (a,a,a)(ω)) ≤ Lk +Rm + ekl + elm +3a+min{θ ,0}. (113)

We now use (105)–(110) and (113) to find the lower bound on ∂S f (ω). Observe that
Lk +Rm+ekl +elm appears equally many times with sign + as with sign −. We can ignore
these terms as they cancel out in the evaluation of ∂S f (ω). Hence,

∂S f (ω) ≥ a−b+θ −min{θL,θ}−min{θ ,0}. (114)

Define F(θ ,θL) = θ −min{θL,θ}−min{θ ,0}. It suffices to prove that F(θ ,θL) ≥ 0.
There are two cases: θ ≥ 0 and θ < 0. If θ ≥ 0, then min{θ ,0} = 0 and F(θ ,θL) =
θ −min{θL,θ} ≥ 0. If θ < 0, then from θL > 0 we have min{θ ,θL}= θ , and F(θ ,θL) =
θ −θ −θ = −θ > 0. This completes the proof of Case 2, which was the only remaining
case that we needed to consider. □

Theorem 5.9. The first four elements of the sequence (Un) and the first three elements of
the sequence (Ln) are

(U1,U2,U3,U4) = (1,1,1,2); (115)
(L1,L2,L3,L4) = (0,−1,−1,−2). (116)
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Proof. The inequalities U1 ≤ 1 and L1 ≥ 0 follow from (34). The bound U1 ≥ 1 can be
proved by constructing an environment ω for which there is an edge k such that ∂k f (ω) =
b− a. This is easy to do: Let ωb be the environment that assigns b to every edge. The
equality ∂ j f (ωb) = b− a holds for every edge j on the shortest path between the source
and the sink. The bound L1 ≤ 0 is equally easy to prove – the environment ωa that assigns
a to every edge satisfies ∂k f (ωa) = 0 for every k that is not on the shortest path.

The inequalities U2 ≤ 1 and L2 ≥−1 follow from (35). Proposition 3.2 implies L2 ≤
−1 and U2 ≥ 1.

In addition, Proposition 3.2 also implies U3 ≥ 1, L3 ≤−1, U4 ≥ 2, L4 ≤−2. Theorem
5.1 implies U3 ≤ 1 and Theorem 5.8 implies L3 ≥−1. Therefore, U3 = 1 and L3 =−1.
The first inequality in (10) implies that U4 ≤ U3 −L3 = 2. The second inequality in (10)
implies that L4 ≥ L3 −U3 =−2. □

6. FOURIER-LEVEL CONTRIBUTIONS TO THE VARIANCE

6.1. Influential and essential sets. The definitions of essential and influential edges can
be generalized to essential and influential sets. These notions were already introduced in
[24]. We briefly recall the definitions and their main properties, since we will need them in
greater detail here.

On an environment ω , a set of edges S is called essential if every geodesic in ω passes
through all elements of S. We denote this event by ES. As noted in [24], we have

ES =
⋂
i∈S

Ei.

We say that, on the environment ω , the set of edges S is influential if ∂S f (ω) ̸= 0. The
event that S is influential will be denoted by AS. As shown in [24], in general we do not
have ES ⊆ AS, even for two-element subsets S. Moreover, A{i, j} ̸⊆ Ai ∪A j.

Compared to essential sets, influential sets are more complex and less elegant general-
izations of their one-dimensional counterparts. Positive and negative values of ∂S f corre-
spond to vastly different configurations of geodesics, so we will study them separately. We
decompose AS as a union of A+

S and A−
S , defined by

A+
S = {ω : ∂S f (ω)> 0}, and A−

S = {ω : ∂S f (ω)< 0}.

Proposition 6.1. For every set of edges S, every edge i ∈ S, and every ξ ∈ {a,b},(
σ

ξ

i

)−1
(A+

S ) = A+
S ,

(
σ

ξ

i

)−1
(A−

S ) = A−
S , and

(
σ

ξ

i

)−1
(AS) = AS. (117)

Proof. Let us first provide a generalization of (17). Take any function ϕ and apply (17) to
∂S\{i}ϕ:

(∂Sϕ)◦σ
ξ

i =
(
∂i
(
∂S\{i}ϕ

))
◦σ

ξ

i = ∂i
(
∂S\{i}ϕ

)
= ∂Sϕ. (118)

Since A+
S = (∂S f )−1 (R+), we have(

σ
ξ

i

)−1
(A+

S ) =
(

σ
ξ

i

)−1(
(∂S f )−1 (R+)

)
=
(
(∂S f )◦σ

ξ

i

)−1
(R+)

= (∂S f )−1 (R+) = A+
S .

This completes the proof of the first equality in (117). The remaining two are analogous.
□
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6.2. Influential sets with two elements. We will work under the assumption that a/(b−
a) ∈ N. By Proposition 7 in [24], this condition is equivalent to the non-existence of inte-
gers ka and kb such that aka+bkb ∈ (0,b−a). In other words, no integer linear combination
of a and b can land strictly between 0 and b−a. Proposition 8 from [24] implies that for
every j we have

E j ⊆ A j = Â j ⊆ Ê j.

We will denote by −→
α the array of length |S| whose all elements are equal to a.

Proposition 6.2. If S is an influential set on the environment ω , then every geodesic on
σ
−→
α

S (ω) contains at least one element of S.

Proof. Assume the contrary, that there is a geodesic γ that omits all elements of S. Then,
for each

−→
ξ ∈ {a,b}|S| we have

f
(

σ

−→
ξ

S (ω)

)
≤ T

(
γ,σ

−→
ξ

S (ω)

)
= T

(
γ,σ

−→
α

S (ω)
)

= f
(

σ
−→
α

S (ω)
)
,

which implies that f
(

σ

−→
ξ

S (ω)

)
and f

(
σ
−→
α

S (ω)
)

are equal. Therefore, ∂S f (ω) must be

equal to 0, which is a contradiction. □

Proposition 6.3. Assume that a is an integer multiple of b−a. If S = {i, j} and if ω ∈ A+
S ,

then every geodesic on σa
i σa

j (ω) contains at least one element of {i, j} and there exist two
geodesics γi and γ j on σa

i σa
j (ω) such that i ∈ γi \ γ j and j ∈ γ j \ γi.

Proof. We will first prove that ω ∈ A+
S implies the following identities

f
(
σ

a
i σ

a
j (ω)

)
= f

(
σ

a
i σ

b
j (ω)

)
= f

(
σ

b
i σ

a
j (ω)

)
= f

(
σ

b
i σ

b
j (ω)

)
− (b−a). (119)

Assume that the first equality in (119) is violated. Then, we have σa
i (ω) ∈ A j. Since

A j = Â j, we have ∂ j f (σa
i (ω)) = b−a and

∂S f (ω) = ∂ j f
(

σ
b
i (ω)

)
−∂ j f (σa

i (ω)) = ∂ j f
(

σ
b
i (ω)

)
− (b−a)≤ 0,

which contradicts the assumption ω ∈ A+
S . In an analogous way we prove the equality

between the first and the third quantity in (119) holds. Consequently, ∂ j f (σa
i (ω)) = 0 and

∂S f (ω) = ∂ j f
(

σ
b
i (ω)

)
−∂ j f (σa

i (ω)) = ∂ j f
(

σ
b
i (ω)

)
. (120)

Since the last number is a derivative of first order, it belongs to {0,b−a}. Now, ∂S f (ω)> 0
and ∂S f (ω) ∈ {0,b−a} together imply ∂S f (ω) = b−a. This together with (120) implies
the last equality in (119).

Since (119) is satisfied, we conclude that σa
i σa

j (ω)∈ AC
j ⊆ EC

j . Therefore, there exists a
geodesic γi on σa

i σa
j (ω) that omits j. The geodesic γi must pass through at least one of the

edges i and j, due to Proposition 6.2. Hence, γi must pass through i. In an analogous way
we prove that there is a geodesic γ j on σa

i σa
j (ω) that passes through j and omits i. □

Proposition 6.4. Let S = {i, j}. If ω is an environment such that every geodesic on
σa

i σa
j (ω) contains at least one element of {i, j} and if there exist two geodesics γi and

γ j on σa
i σa

j (ω) such that i ∈ γi \ γ j and j ∈ γ j \ γi, then ω ∈ A+
S .
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Proof. Assume the contrary, that ∂S f (ω) ≤ 0. Since j ̸∈ γi, and γi is a geodesic on
σa

i σa
j (ω), we have

f
(

σ
a
i σ

b
j (ω)

)
≤ T

(
γi,σ

a
i σ

b
j (ω)

)
= T

(
γi,σ

a
i σ

a
j (ω)

)
= f

(
σ

a
i σ

a
j (ω)

)
,

hence f
(

σa
i σb

j (ω)
)
= f

(
σa

i σa
j (ω)

)
. In an analogous way we obtain f

(
σb

i σa
j (ω)

)
=

f
(

σa
i σa

j (ω)
)

. Let ζ be a geodesic on σb
i σb

j (ω).

f
(

σ
b
i σ

b
j (ω)

)
= T

(
ζ ,σb

i σ
b
j (ω)

)
≥ T

(
ζ ,σa

i σ
a
j (ω)

)
≥ f

(
σ

a
i σ

a
j (ω)

)
. (121)

Since we assumed that ∂S f (ω) ≤ 0, the two inequalities ≥ in (121) must be equalities.
Consequently, ζ is a geodesic on σa

i σa
j (ω). In addition,

T
(

ζ ,σb
i σ

b
j (ω)

)
= T

(
ζ ,σa

i σ
a
j (ω)

)
implies that ζ does not contain any of the elements of {i, j}. This contradicts our assump-
tion that every geodesic on σa

i σa
j (ω) contains at least one element of {i, j}. □

Proposition 6.5. Assume that a is an integer multiple of b−a. If S = {i, j} and if ω ∈ A−
S ,

then every geodesic on σa
i σa

j (ω) contains both i and j and there is a path γ̄ from source to
sink that contains neither i nor j such that

T (γ̄,ω) = f
(
σ

a
i σ

a
j (ω)

)
+(b−a). (122)

Proof. We will first prove that ω ∈ A−
S implies

f
(
σ

a
i σ

a
j (ω)

)
+(b−a) = f

(
σ

a
i σ

b
j (ω)

)
= f

(
σ

b
i σ

a
j (ω)

)
= f

(
σ

b
i σ

b
j (ω)

)
. (123)

Assume that the last two quantities in (123) are different. Then, ∂ j f
(
σb

i (ω)
)
> 0 and

A j = Â j implies ∂ j f
(
σb

i (ω)
)
= b−a. We now have

∂S f (ω) = ∂ j f
(

σ
b
i (ω)

)
−∂ j f (σa

i (ω)) = (b−a)−∂ j f (σa
i (ω))≥ 0,

which contradicts our assumption ω ∈ A−
S . In the same way we prove the equality between

the second and the fourth quantity in (123). If the number f
(

σa
i σa

j (ω)
)

is equal to all

of the last three quantities in (123), then ∂S f (ω) would be 0. Therefore, f
(

σa
i σa

j (ω)
)
̸=

f
(

σb
i σa

j (ω)
)

and ∂i f
(

σa
j (ω)

)
̸= 0. Hence, ∂i f

(
σa

j (ω)
)
= b− a, which completes the

proof of (123). Two consequences of (123) are σa
i (ω) ∈ A j and σa

j (ω) ∈ Ai. Assume that
there is a geodesic on σa

i σa
j (ω) that omits i. Then, σa

j (ω) ∈ EC
i ⊆ AC

i , a contradiction.
Therefore, every geodesic on σa

i σa
j (ω) passes through i. In an analogous way we prove

that every geodesic on σa
i σa

j (ω) passes through j.
It remains to prove that there is a path γ̄ that omits both i and j for which (122) holds. It

suffices to take any geodesic on σb
i σb

j (ω). The equality (122) follows directly from (123).
We only need to prove that every geodesic on σb

i σb
j (ω) omits both i and j. Assume the

contrary, that there is a geodesic on σb
i σb

j (ω) that passes through i. Then, σb
i σb

j (ω) ∈ Êi

and Proposition 2.3 (b) implies f
(

σb
i σb

j (ω)
)
= f

(
σa

i σb
j (ω)

)
+(b−a), which contradicts

(123). This completes the proof that every geodesic on σb
i σb

j (ω) omits i. The proof that
every geodesic on σb

i σb
j (ω) omits j is analogous. □
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Proposition 6.6. Assume that a is an integer multiple of b− a. If S = {i, j} and if every
geodesic on σa

i σa
j (ω) contains both i and j and there is a path γ̄ from source to sink that

contains neither i nor j such that (122) holds, then ω ∈ A−
S .

Proof. Let us first prove that

∂i f
(
σ

a
j (ω)

)
= b−a, (124)

i.e. that σa
j (σ

a
i (ω)) ∈ Âi. Assume the contrary, that σa

j (σ
a
i (ω)) ̸∈ Âi. From Âi = Ai and

Ei ⊆ Ai, we obtain that there is a geodesic on σa
i σa

j (ω) that omits i. This contradicts our

assumption. We have, therefore, proved that ∂i f
(

σa
j (ω)

)
= b− a. In an analogous way

we prove

∂ j f (σa
i (ω)) = b−a. (125)

Let us now prove that the path γ̄ from source to sink that satisfies (122) is a geodesic on
σb

i σb
j (ω). We have

f
(
σ

a
i σ

a
j (ω)

)
+(b−a) = T

(
γ̄,σb

i σ
b
j (ω)

)
≥ f

(
σ

b
i σ

b
j (ω)

)
≥ f

(
σ

b
i σ

a
j (ω)

)
. (126)

We already established the equality (124), hence both inequalities in (126) must be equal-
ities. Consequently, γ̄ is a geodesic on σb

i σb
j (ω) and

f
(

σ
b
i σ

b
j (ω)

)
= f

(
σ

a
i σ

a
j (ω)

)
+b−a. (127)

The equalities (124), (125), and (127) imply that ∂S f (ω) =−(b−a). □

Proposition 6.7. Assume that a/(b−a) ∈ N. Consider the first passage percolation time
f τ on the torus in d dimensions, and define the events Ei, E j, Ai, and A j with respect to the
random variable f τ . Let ζ > 0 be a fixed real number. Then, there exists a constant C > 0
such that

∑
i, j
(P(Ei ∩E j))

1+ζ ≤ C ·n2+ζ−ζ d , (128)

where the summation is over all pairs of edges (i, j). Moreover, for every ζ ′ ∈ (0,ζ ) and
every integer m there exists a real number Dm > 0 that depends only on ζ ′, m, a, b, and p
such that whenever the dimension d satisfies d ≥ Dm, the following holds

∑
|T |=m

(
P

(⋂
k∈T

Ek

))1+ζ

≤ n−ζ ′d . (129)

Proof. Recall that Proposition 16 from [24] implies that for every edge i,

P(∂i f τ ̸= 0) ≤ b
apnd−1 . (130)

For shorter notation, we will write θ = b
ap . Using (130) we obtain

∑
i, j
(P(Ei ∩E j))

1+ζ ≤ ∑
i, j
P(Ei)

ζ ·P(Ei ∩E j) = ∑
i, j
P(Ei)

1+ζ ·P
(

E j
∣∣Ei
)

≤ θ 1+ζ

n(ζ+1)(d−1)
·∑

i
∑

j
E
[

1E j

∣∣Ei
]

=
θ 1+ζ

n(ζ+1)(d−1)
·∑

i
E

[(
∑

j
1E j

)∣∣∣∣∣Ei

]
. (131)
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Observe that no matter what i is, the summation ∑ j 1E j is at most equal to the total number
of edges that a geodesic could possibly have. This number is bounded by b

a n. Therefore,
(131) now implies

∑
i, j
(P(Ei ∩E j))

1+ζ ≤
θ 1+ζ · b

a ·n
n(ζ+1)(d−1)

·∑
i

1 ≤C
nd+1

n(ζ+1)(d−1)
, (132)

where C = θ 1+ζ · b
a ·D, where D is the integer such that Dnd is the total number of edges

in the grid. The inequality (132) implies (128).
We now use induction on m to prove (129). If m = 2, we only need to prove that

Cn2+ζ−ζ d < n−ζ ′d for sufficiently large d. After taking logarithms, we obtain that it is
sufficient to prove

log(C)+(2+ζ − (ζ −ζ
′)d) logn < 0. (133)

For sufficiently large d, the number 2+ζ − (ζ −ζ ′)d is negative, hence the left-hand side
of (133) increases if n is replaced by 2. It suffices to show that for sufficiently large d, the
function ψ(d) is negative, where

ψ(d) = log(C)+(2+ζ − (ζ −ζ
′)d) log2.

This is obvious because the function ψ(d) is linear in d and the coefficient in front of d
is negative. Let us now assume that the statement holds for fixed m ≥ 2. More precisely,
assume that ζ ′ ∈ (0,ζ ) is fixed and let ζ ′′ = 1

2 (ζ +ζ ′). Our induction hypothesis implies
that there exists Dm such that for d ≥ Dm, the following holds

∑
|T |=m

(
P

(⋂
k∈T

Ek

))1+ζ

≤ n−ζ ′′d . (134)

We will prove that there exists Dm+1 such that for d ≥ Dm+1 we have

∑
|S|=m+1

(
P

(⋂
k∈S

Ek

))1+ζ

≤ n−ζ ′d . (135)

The left-hand side of (135) can be written as

∑
|S|=m+1

(
P

(⋂
k∈S

Ek

))1+ζ

= ∑
|T |=m

∑
i

(
P

(
Ei ∩

⋂
k∈T

Ek

))1+ζ

.

Since the intersection of two sets is a subset of each, we derive

∑
|S|=m+1

(
P

(⋂
k∈S

Ek

))1+ζ

≤ ∑
|T |=m

∑
i

(
P

(⋂
k∈T

Ek

))ζ

·P

(
Ei ∩

⋂
k∈T

Ek

)
.

We can express the last probability as a conditional expectation and take the common factor
outside the summation in i.

∑
|S|=m+1

(
P

(⋂
k∈S

Ek

))1+ζ

≤ ∑
|T |=m

(
P

(⋂
k∈T

Ek

))1+ζ

·∑
i
E

(
1Ei

∣∣∣∣∣⋂
k∈T

Ek

)
.

We now use the linearity of conditional expectation and the fact that ∑i 1Ei is bounded
above by the total number of edges that a geodesic could have. As before, we use that
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every geodesic can have at most b
a n edges. Hence, the last inequality becomes

∑
|S|=m+1

(
P

(⋂
k∈S

Ek

))1+ζ

≤ b
a
·n ∑

|T |=m

(
P

(⋂
k∈T

Ek

))1+ζ

. (136)

The inequality (134) implies

∑
|S|=m+1

(
P

(⋂
k∈S

Ek

))1+ζ

≤ b
a
·n1−ζ ′′d . (137)

It suffices to prove that there exists Dm+1 such that d ≥ Dm+1 implies b
a ·n

1−ζ ′′d ≤ n−ζ ′d .
After taking logarithms of both sides, the last inequality becomes equivalent to

log
b
a
+(1− (ζ ′′−ζ

′)d) logn ≤ 0. (138)

Since ζ ′′− ζ ′ > 0, for sufficiently large d, the number 1− (ζ ′′− ζ ′)d is negative and the
left-hand side of (138) increases if n is replaced with 2. Define the function

ϕ(d) = log
b
a
+(1− (ζ ′′−ζ

′)d) log2.

The function is linear in d and has negative derivative. Hence, limd→+∞ ϕ(d) = −∞ and
there exists Dm+1 such that (138) holds. This completes the induction step, and, conse-
quently, the proof of (129). □

Proposition 6.8. Assume that a/(b−a)∈N. Let ζ > 0. There is a constant C that depends
only on ζ , a, b, and p such that

∑
i, j

(
P(A−

{i, j})
)1+ζ

≤ C ·n2+ζ−ζ d . (139)

Proof. From Proposition 6.5, we have

A−
{i, j} ⊆

{
ω : σ

a
i σ

a
j (ω) ∈ Ei ∩E j

}
.

Therefore,

P
(

A−
{i, j}

)
≤ P

(
ω : σ

a
i σ

a
j (ω) ∈ Ei ∩E j

)
. (140)

The event {σa
i σa

j (ω) ∈ Ei ∩E j} is independent from {ωi = a,ω j = a} whose probability
is p2. Therefore, (140) implies

P
(

A−
{i, j}

)
≤ 1

p2P
(
σ

a
i σ

a
j (ω) ∈ Ei ∩E j

)
·P(ωi = a,ω j = a)

=
1
p2P

({
σ

a
i σ

a
j (ω) ∈ Ei ∩E j

}
∩
{

ωi = a,ω j = a
})

=
1
p2P

({
ω ∈ Ei ∩E j

}
∩
{

ωi = a,ω j = a
})

≤ 1
p2P(Ei ∩E j) . (141)

The required inequality now follows from (141) and (128). □

Proposition 6.9. Assume that a/(b−a)∈N. Let ζ > 0. There is a constant C that depends
only on ζ , a, b, and p such that

∑
i, j

(
P(A+

{i, j})
)1+ζ

≤ C ·n2+ζ−ζ d . (142)
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Proof. By Proposition 6.1, the event A+
{i, j} depends only on the coordinates of ω outside

{i, j}, while {ωi = x,ω j = y} depends only on the coordinates inside {i, j}. Therefore
A+
{i, j} is independent of {ωi = x,ω j = y} for every pair (x,y) ∈ {a,b}2.

P
(

A+
{i, j}

)
= ∑

(x,y)∈{a,b}2

P
(

A+
{i, j}∩{ωi = x,ω j = y}

)
= ∑

(x,y)∈{a,b}2

P
(

A+
{i, j}

)
·P(ωi = x,ω j = y) .

If we define ρ = max
{

1−p
p , p

1−p

}
, then for every edge i we have P(ωi = x)≤ ρP(ωi = a)

and P(ωi = x)≤ ρP(ωi = b), hence

P
(

A+
{i, j}

)
≤ ρ

2
∑

(x,y)∈{a,b}2

P
(

A+
{i, j}

)
·P(ωi = a,ω j = b)

= ρ
2

∑
(x,y)∈{a,b}2

P
(

A+
{i, j},ωi = a,ω j = b

)
.

Since all the four summands are equal, we obtain

P
(

A+
{i, j}

)
≤ 4ρ

2P
(

A+
{i, j},ωi = a,ω j = b

)
. (143)

The following inequality is obtained in a similar way.

P
(

A+
{i, j}

)
≤ 4ρ

2P
(

A+
{i, j},ωi = b,ω j = a

)
. (144)

Since A+
i, j ∩{ωi = a,ω j = b} ⊆ Ei, we use (143) to derive

P
(

A+
{i, j}

)ζ

≤ (4ρ
2)ζP(Ei)

ζ . (145)

If we multiply (145) with (144), we obtain

P
(

A+
{i, j}

)1+ζ

≤ (4ρ
2)1+ζ ·P(Ei)

ζ ·P
(

A+
{i, j},ωi = b,ω j = a

)
= (4ρ

2)1+ζ ·P(Ei)
1+ζ ·P

(
A+
{i, j},ωi = b,ω j = a

∣∣∣Ei

)
. (146)

We will now show that (119) allows us to conclude

A+
{i, j}∩{ωi = b}∩{ω j = a} ⊆ E j. (147)

Indeed, if ω belongs to the left-hand side of (147), then ω = σb
i σa

j (ω). If we assumed
the contrary, that σb

i σa
j (ω) ∈ EC

j , Proposition 2.3 (a) would guarantee that f (σb
i σb

j (ω)) =

f (σb
i σa

j (ω)), contradicting (119). We can now use the inequality (146) and the inclusion
(147) to derive

P
(

A+
{i, j}

)1+ζ

≤ (4ρ
2)1+ζ ·P(Ei)

1+ζ ·P
(

E j
∣∣Ei
)
. (148)

We now sum (148) over all edges j and use linearity of conditional expectation to obtain

∑
j
P
(

A+
i, j

)1+ζ

≤ (4ρ
2)1+ζP(Ei)

1+ζ ·E

[
∑

j
1E j

∣∣∣∣∣Ei

]
.
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The summation ∑ j 1E j is at most equal to the total number of edges that a geodesic could
possibly have. Since ∑ j 1E j ≤ b

a ·n, we obtain

∑
j
P
(

A+
i, j

)1+ζ

≤ (4ρ
2)1+ζP(Ei)

1+ζ · b
a
·n.

We now sum over all Dnd vertices i and use (130) to obtain

∑
i

∑
j
P
(

A+
i, j

)1+ζ

≤ (4ρ
2)1+ζ ·D · b

a
·
(

b
ap

)1+ζ

· nd+1

n(1+ζ )(d−1)
.

The last inequality implies (142). □

Proof of Theorem 1.1. The inequality (5) was established in the proof of Corollary 1 in
[24]. It is an easy consequence of (130), the symmetry, and the fact that there is a total of
O(nd) edges in the graph.

We need to prove (6), that is Σ2( f τ)≤Cn3−d for some constant C. The level-2 Fourier
sum can be written as

Σ2( f τ) ≤ (b−a)2 · ∑
|S|=2

(P(∂S f ̸= 0))2 = (b−a)2 · ∑
|S|=2

(
P(A−

S )+P(A+
S )
)2

≤ 2(b−a)2

(
∑
|S|=2

(
P(A−

S )
)2

+ ∑
|S|=2

(
P(A+

S )
)2

)
. (149)

We now use (139) and (142) with ζ = 1 and (149) to conclude that there is a constant D
such that

Σ2( f τ) ≤ 2(b−a)2D ·n3−d . (150)

By choosing C = 2(b−a)2D we obtain (6). □

6.3. Bounds on sums of probabilities of large essential and influential sets.

Proposition 6.10. There exists a constant C that depends only on a, b, p, d, and m such
that for every set T of m edges and every edge k ̸∈ T , the following inequality holds

P
(
∂T∪{k} f ̸= 0

)
≤ C ·P({∂T f ̸= 0}∩Ak) . (151)

Proof. Let us denote S = T ∪{k}. Let −→t be a vector of length m whose components are
the elements of T . Let −→s be the vector of length m+1 whose last component is k and the
first m components are the same as −→t . Let us first prove that

{∂S f ̸= 0} ⊆
⋃

−→
ξ ∈{a,b}m

{
σ

−→
ξ
−→t (ω) ∈ Ak

}
. (152)

If we assume that (152) were not true, then there exists ω such that ∂S f (ω) ̸= 0 and

∂k f
(

σ

−→
ξ
−→t (ω)

)
= 0, (153)

for every
−→
ξ ∈ {a,b}m. We can group the terms σb

k σ

−→
ξ
−→t (ω) and σa

k σ

−→
ξ
−→t (ω) in (2) and use

(153) to obtain

∂S f (ω) = ∑
−→
ξ ∈{a,b}m

(−1)1a(ξ1)+···+1a(ξm)∂k f
(

σ

−→
ξ
−→t (ω)

)
= 0. (154)
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This contradicts the assumption ∂S f (ω) ̸= 0. We have proved (152), which we can now
use to obtain

P(∂S f (ω) ̸= 0) ≤ ∑
−→
ξ ∈{a,b}m

P
(
{∂S f (ω) ̸= 0}∩

{
σ

−→
ξ
−→t (ω) ∈ Ak

})
. (155)

Let us analyze the event
{

σ

−→
ξ
−→t (ω) = ω

}
. It states that the coordinates of ω that correspond

to the edges of −→t are assigned the values
−→
ξ . The probability of this event satisfies

P
(

σ

−→
ξ
−→t (ω) = ω

)
=

m

∏
i=1

p1a(ξi) · (1− p)1b(ξi) ≥ (min{p,1− p})m . (156)

Let us introduce a constant ρ = (min{p,1− p})−m. This constant depends only on p and
m. The inequalities (155) and (156) imply

P(∂S f (ω) ̸= 0) ≤ ρ ∑
−→
ξ ∈{a,b}m

P
(
{∂S f (ω) ̸= 0}∩

{
σ

−→
ξ
−→t (ω) ∈ Ak

})

×P
(

σ

−→
ξ
−→t (ω) = ω

)
. (157)

The event {∂S f (ω) ̸= 0} depends only on the coordinates of ω outside −→s by Proposi-

tion 6.1 together with (2). The event
{

σ

−→
ξ
−→t (ω) ∈ Ak

}
admits the rewrite{

σ

−→
ξ
−→t (ω) ∈ Ak

}
=

{
σ

a
k ◦σ

−→
ξ
−→t (ω) ∈ Ek

}
,

which makes its dependence on the coordinates of ω outside −→s apparent: σa
k overwrites the

k-th coordinate and σ

−→
ξ
−→t overwrites the coordinates in −→t . Therefore, the intersection of the

events {∂S f (ω) ̸= 0}∩
{

σ

−→
ξ
−→t (ω) ∈ Ak

}
is independent from

{
σ

−→
ξ
−→t (ω) = ω

}
, because the

former depends only on coordinates outside −→s while the latter depends only on coordinates
inside −→t ⊆−→s .

The inequality (157) implies

P(∂S f (ω) ̸= 0) ≤ ρ ∑
−→
ξ ∈{a,b}m

P
({

∂S f
(

σ

−→
ξ
−→t (ω)

)
̸= 0
}
∩
{

σ

−→
ξ
−→t (ω) ∈ Ak

}

∩
{

σ

−→
ξ
−→t (ω) = ω

})
= ρ ∑

−→
ξ ∈{a,b}m

P
(
{∂S f (ω) ̸= 0}∩{ω ∈ Ak}∩

{
σ

−→
ξ
−→t (ω) = ω

})
.

Dropping the constraint
{

σ

−→
ξ
−→t (ω) = ω

}
and summing over all 2m choices of

−→
ξ yields

P(∂S f (ω) ̸= 0) ≤ ρ ∑
−→
ξ ∈{a,b}m

P
(
{∂S f (ω) ̸= 0}∩Ak

)
= 2m

ρ ·P
(
{∂S f (ω) ̸= 0}∩Ak

)
. (158)
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If we write ∂S f (ω) as the difference of derivatives with respect to T

∂S f (ω) = ∂T f
(

σ
b
k (ω)

)
−∂T f (σa

k (ω)) ,

it becomes clear that

{∂S f (ω) ̸= 0} ⊆
{

∂T f
(

σ
b
k (ω)

)
̸= 0
}
∪
{

∂T f (σa
k (ω)) ̸= 0

}
. (159)

The inequalities (158) and (159) imply

P(∂S f (ω) ̸= 0) ≤ 2m
ρ

(
P
({

∂T f
(

σ
b
k (ω)

)
̸= 0
}
∩Ak

)
+P
(
{∂T f (σa

k (ω)) ̸= 0}∩Ak

))
. (160)

We can now use Ak = (σb
k )

−1(Ak), which follows from (23), to re-write the first term on
the right-hand side of (160) as

P
({

∂T f
(

σ
b
k (ω)

)
̸= 0
}
∩Ak

)
= P

({
∂T f

(
σ

b
k (ω)

)
̸= 0
}
∩
(

σ
b
k

)−1
(Ak)

)
. (161)

The right-hand side of (161) is an intersection of two events, each of which is determined
by first flipping the k-th bit of ω into b. Hence, the intersection on the right-hand side of
(161) is independent of the event {ωk = b}, whose probability is (1− p). Hence, (161)
implies

P
({

∂T f
(

σ
b
k (ω)

)
̸= 0
}
∩Ak

)
=

1
1− p

·P
({

∂T f
(

σ
b
k (ω)

)
̸= 0
}

∩
{

ω : σ
b
k (ω) ∈ Ak

})
·P(ωk = b)

=
1

1− p
·P
(
{∂T f (ω) ̸= 0}∩Ak ∩{ωk = b}

)
≤ 1

1− p
·P
(
{∂T f (ω) ̸= 0}∩Ak

)
. (162)

The second term on the right-hand side of (160) satisfies

P
(
{∂T f (σa

k (ω)) ̸= 0}∩Ak

))
= P

(
{∂T f (σa

k (ω)) ̸= 0}∩ (σa
k )

−1(Ek)
))

≤ 1
p
P
(
{∂T f (σa

k (ω)) ̸= 0}∩ (σa
k )

−1(Ek)
))

×P(ωk = a)

=
1
p
P
(
{∂T f (σa

k (ω)) ̸= 0}∩{σ
a
k (ω) ∈ Ek}

∩{ωk = a}
)

=
1
p
P
(
{∂T f (ω) ̸= 0}∩Ek ∩{ωk = a}

)
. (163)

The right-hand side of (163) is smaller than or equal to P({∂T f (ω) ̸= 0}∩Ak). This in-
equality together with (162) and (160) implies (151). □

Conjecture 6.11. There exists a constant C that depends only on a, b, p, d, and m such
that for every set T of m edges and every edge k ̸∈ T , the following inequality holds

P
(
∂T∪{k} f ̸= 0

)
≤ C ·P({∂T f ̸= 0}∩Ek) . (164)
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Proposition 6.12. Let ζ > 0 be a fixed positive real number. Assume that the Conjecture
6.11 is true. Assume that there exists a positive real number αm and a positive real number
Dm such that for all dimensions d ≥ Dm, the following holds

∑
|T |=m

(P(∂T f ̸= 0))1+ζ ≤ n−αmd , (165)

then for every positive real number αm+1 ∈ (0,αm) there exists a positive real number
Dm+1 such that for all dimensions d ≥ Dm+1, the following holds

∑
|S|=m+1

(P(∂S f ̸= 0))1+ζ ≤ n−αm+1d . (166)

Proof. We can re-write the summation as

∑
|S|=m+1

(P(∂S f ̸= 0))1+ζ = ∑
|T |=m

∑
k
(P(∂S f ̸= 0))1+ζ

≤C ∑
|T |=m

∑
k
(P({∂T f ̸= 0}∩Ek))

1+ζ

≤C ∑
|T |=m

P(∂T f ̸= 0)ζ
∑
k
P({∂T f ̸= 0}∩Ek)

≤C ∑
|T |=m

P(∂T f ̸= 0)1+ζ
∑
k
E
[

1Ek

∣∣{∂T f ̸= 0}
]
. (167)

Each geodesic can have at most b
a n edges. The last summation in (167) is bounded above

by b
a n. Hence, for d ≥ Dm, (167) implies

∑
|S|=m+1

(P(∂S f ̸= 0))1+ζ ≤C · b
a
·n ∑

|T |=m
P(∂T f ̸= 0)1+ζ

≤C · b
a
·n1−αmd . (168)

We now need to prove that there exist real numbers αm+1 and Dm+1 such that d ≥ Dm+1
implies

C · b
a
·n1−αmd ≤ n−αm+1d . (169)

After taking logarithms we obtain that (169) is equivalent to

log
bC
a

+(1− (αm −αm+1)d) logn ≤ 0. (170)

The left-hand side of (170) is bounded above by

ψ(d) = log
bC
a

+(1− (αm −αm+1)d) log2,

that clearly satisfies

lim
d→+∞

ψ(d) =−∞.

Thus, the required Dm+1 must exist. □
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APPENDIX A. EVALUATIONS OF DERIVATIVES IN EXTREME ENVIRONMENTS

Proposition A.1. If A and B are two integers such that 0 ≤ A ≤ B, then

B

∑
k=A

(−1)k
(

B
k

)
=

{
(−1)A ·

(B−1
A−1

)
, A ≥ 1,

0, A = 0.
(171)

Proof. In the case A = 0, the sum on the left-hand side becomes (1−1)B, which is 0.
It remains to consider the case A ≥ 1. Notice that for B− 1 ≥ k the following holds:(B

k

)
=
(B−1

k

)
+
(B−1

k−1

)
.

B

∑
k=A

(−1)k
(

B
k

)
= (−1)B

(
B
B

)
+

B−1

∑
k=A

(−1)k
(

B
k

)
= (−1)B +

B−1

∑
k=A

(−1)k
(

B−1
k

)
+

B−1

∑
k=A

(−1)k
(

B−1
k−1

)
.

We substitute k′ = k−1 in the second summation.

B

∑
k=A

(−1)k
(

B
k

)
= (−1)B +

B−1

∑
k=A

(−1)k
(

B−1
k

)
−

B−2

∑
k′=A−1

(−1)k′
(

B−1
k′

)
= (−1)B +(−1)B−1 ·

(
B−1
B−1

)
− (−1)A−1 ·

(
B−1
A−1

)
= (−1)A ·

(
B−1
A−1

)
.

This completes the proof of (171). □

Proposition A.2. If n and k are non-negative integers, and A an integer such that n+A ∈
[0,k+n], the following holds

min{k,n+A}

∑
i=max{0,A}

(
k
i

)
·
(

n
n+A− i

)
=

(
n+ k
n+A

)
. (172)

Proof. This is a famous cats-and-dogs identity. Assume that there are k cats and n dogs
and that we want to count the number of ways to choose a committee consisting of n+A
animals. One obvious way to count committees is to ignore the differences between cats
and dogs. The number becomes

(n+k
n+A

)
. However, we can also do a counting by doing the

case-work. If we denote by i the number of cats in the committee, then the number i must
range from max{0,A} to min{k,n+A}. The number of (n+A)-member committees with
exactly i cats is

(k
i

)
·
( n

n+A−i

)
. □

Proof of Theorem 3.1. Let L be the total number of edges on each of the paths γ1 and γ2.
We know that L = 2n+2N, but it is more elegant to express everything in terms of L and
avoid n and N.

Assume, first, that β1 − β2 ≥ m2. The path γ2 is a geodesic on every environment
because the passage time over γ1 is larger than or equal to La+β1(b−a), while the passage
time over γ2 is smaller than or equal to La+(m2 +β2) · (b−a). Hence, if i2 of the edges
from C2 have the value b, then the shortest passage time is equal to La+(i2 +β2)(b−a).
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Hence,

∂S f (ω) = (b−a) ·
m1

∑
i1=0

m2

∑
i2=0

(−1)m1−i1+m2−i2 ·
(

m1

i1

)
·
(

m2

i2

)
· (i2 +β2)

= (b−a) ·A1 ·A2,

where

A1 =
m1

∑
i1=0

(−1)m1+i1

(
m1

i1

)
,

A2 =
m2

∑
i2=0

(−1)m2+i2 ·
(

m2

i2

)
· (i2 +β2).

The first factor satisfies A1 = (1−1)m1 = 0, hence ∂S f (ω) = 0. The case β2 −β1 ≥ m1 is
analogous.

We now treat the case in which both β1 −β2 ≤ m2 −1 and β2 −β1 ≤ m1 −1. Assume
that i1 of the edges from C1 and i2 edges from C2 are assigned the value b. The passage time
over the path γ1 is La+(b−a)(i1 +β1). The passage time over γ2 is La+(b−a)(i2 +β2).
Therefore, the derivative satisfies

∂S f (ω) = (b−a) · (−1)m1+m2

×
m1

∑
i1=0

m2

∑
i2=0

(−1)i1+i2 ·
(

m1

i1

)
·
(

m2

i2

)
·min{i1 +β1, i2 +β2}.

Let us express the derivative as

∂S f (ω) = (b−a) · (−1)m1+m2 · (S1 +S2), (173)

where the summation S1 is carried over the pairs (i1, i2) for which i1 +β1 ≤ i2 +β2, and
the summation S2 is over the pairs (i1, i2) for which i1 +β1 ≥ i2 +β2 +1.

If i1 +β1 ≤ i2 +β2, then i1 ≤ i2 +β2 −β1 ≤ m2 +β2 −β1. Therefore, the number S1
satisfies

S1 =
µ1

∑
i1=0

(−1)i1 · (i1 +β1) ·
(

m1

i1

)
·

m2

∑
i2=τ2(i1)

(−1)i2 ·
(

m2

i2

)
, where (174)

µ1 = min{m1,m2 +β2 −β1} and

τ2(i1) = max{0, i1 +β1 −β2}.

In a similar way we find that S2 satisfies

S2 =
µ2

∑
i2=0

(−1)i2 · (i2 +β2) ·
(

m2

i2

)
·

m1

∑
i1=τ1(i2)

(−1)i1 ·
(

m1

i1

)
, where (175)

µ2 = min{m2,m1 +β1 −β2 −1} and

τ1(i2) = max{0, i2 +β2 −β1 +1}.

The summation S1 will now be broken in two: The first, S11 contains the terms that corre-
spond to i1 in the range [0,β2 −β1]. The summation S12 contains the terms i1 in the range
[β2 −β1 + 1,µ1]. We will prove that S11 is 0. The summation S12 will have simple lower
bound τ2(i1) that is always equal to i1+β1−β2. The number S11 is obviously 0 if β2 < β1.
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If β2 ≥ β1 and i1 ≤ β2−β1, then i1+β1−β2 ≤ 0. This implies that τ2(i1) = 0. The number
S11 becomes

S11 =
β2−β1

∑
i1=0

(−1)i1 · (i1 +β1) ·
(

m1

i1

)
·

m2

∑
i2=0

(−1)i2 ·
(

m2

i2

)
.

The inner summation ∑
m2
i2=0(−1)i2 ·

(m2
i2

)
is equal to 0 because it is equal to (1 − 1)m2 .

Therefore, S11 = 0 and S1 = S12, i.e.

S1 =
min{m1,m2+β2−β1}

∑
i1=max{0,β2−β1+1}

(−1)i1 · (i1 +β1) ·
(

m1

i1

)
·

m2

∑
i2=τ2(i1)

(−1)i2 ·
(

m2

i2

)
. (176)

The equality (171) transforms (176) into

S1 =
min{m1,m2+β2−β1}

∑
i1=max{0,β2−β1+1}

(−1)i1 · (i1 +β1) ·
(

m1

i1

)
· (−1)τ2(i1) ·

(
m2 −1

τ2(i1)−1

)

= (−1)β1−β2 ·
min{m1,m2+β2−β1}

∑
i1=max{0,β2−β1+1}

(i1 +β1) ·
(

m1

i1

)
·
(

m2 −1
i1 +β1 −β2 −1

)
. (177)

We treat the summation S2 in a similar way. As before, S21 gathers the terms for which
i2 is in the range [0,β1 −β2 −1]. Of course, if β1 −β2 −1 < 0, then there is no summation
S21. The summation S22 contains the terms for which i2 is in the range [β1 −β2,µ2]. It is
straightforward to prove that S21 is 0. Therefore,

S2 = (−1)β2−β1+1 ·
min{m2,m1+β1−β2−1}

∑
i2=max{0,β1−β2}

(i2 +β2) ·
(

m2

i2

)
·
(

m1 −1
i2 +β2 −β1

)
. (178)

The summations S1 and S2 have the opposite signs. The summation S1 has the term (i1 +
β1) that makes it possible to split the summation into two simpler ones T11 and T12. In a
similar way we split S2 into T21 and T22.

S1 = (−1)β1+β2 · (T11 +T12), S2 =−(−1)β1+β2 · (T21 +T22), where (179)

T11 =
min{m1,m2+β2−β1}

∑
i1=max{0,β2−β1+1}

i1 ·
(

m1

i1

)
·
(

m2 −1
i1 +β1 −β2 −1

)
, (180)

T12 = β1 ·
min{m1,m2+β2−β1}

∑
i1=max{0,β2−β1+1}

(
m1

i1

)
·
(

m2 −1
i1 +β1 −β2 −1

)
, (181)

T21 =
min{m2,m1+β1−β2−1}

∑
i2=max{0,β1−β2}

i2 ·
(

m2

i2

)
·
(

m1 −1
i2 +β2 −β1

)
, (182)

T22 = β2 ·
min{m2,m1+β1−β2−1}

∑
i2=max{0,β1−β2}

(
m2

i2

)
·
(

m1 −1
i2 +β2 −β1

)
. (183)

The summations T11 and T21 can be simplified by first observing that the summations can-
not ever have a term corresponding to the index 0. Then for i1, i2 ̸= 0, we use i1 ·

(m1
i1

)
=

m1 ·
(m1−1

i1−1

)
and i2 ·

(m2
i2

)
= m2 ·

(m2−1
i2−1

)
. After using these identities, we can shift the indices
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i1 and i2 by 1 and obtain

T11 = m1 ·
min{m1−1,m2+β2−β1−1}

∑
i1=max{0,β2−β1}

(
m1 −1

i1

)
·
(

m2 −1
i1 +β1 −β2

)
, (184)

T21 = m2 ·
min{m2−1,m1+β1−β2−2}

∑
i2=max{0,β1−β2−1}

(
m2 −1

i2

)
·
(

m1 −1
i2 +1+β2 −β1

)
. (185)

In each of (184), (181), (185), and (183), we apply
(n

k

)
=
( n

n−k

)
to the second binomial

coefficient. The sums turn into

T11 = m1 ·
min{m1−1,m2+β2−β1−1}

∑
i1=max{0,β2−β1}

(
m1 −1

i1

)
·
(

m2 −1
m2 −1− i1 −β1 +β2

)
, (186)

T12 = β1 ·
min{m1,m2+β2−β1}

∑
i1=max{0,β2−β1+1}

(
m1

i1

)
·
(

m2 −1
m2 − i1 −β1 +β2

)
, (187)

T21 = m2 ·
min{m2−1,m1+β1−β2−2}

∑
i2=max{0,β1−β2−1}

(
m2 −1

i2

)
×
(

m1 −1
m1 −1− i2 −1−β2 +β1

)
, (188)

T22 = β2 ·
min{m2,m1+β1−β2−1}

∑
i2=max{0,β1−β2}

(
m2

i2

)
·
(

m1 −1
m1 −1− i2 −β2 +β1

)
. (189)

We apply (172) to each of (186), (187), (188), and (189).

T11 = m1 ·
(

m1 +m2 −2
m2 −1+β2 −β1

)
, (190)

T12 = β1 ·
(

m1 +m2 −1
m2 +β2 −β1

)
, (191)

T21 = m2 ·
(

m1 +m2 −2
m1 +β1 −β2 −2

)
= m2 ·

(
m1 +m2 −2
m2 +β2 −β1

)
, (192)

T22 = β2 ·
(

m1 −1+m2

m1 −1+β1 −β2

)
= β2 ·

(
m1 +m2 −1
m2 +β2 −β1

)
. (193)

From (190) and (192) we obtain

T11 −T21 =
(m1 +m2 −2)! · ((m1 +m2)(β2 −β1)+m2)

(m2 +β2 −β1)! · (m1 −1+β1 −β2)!

=

(
m1 +m2 −1
m2 +β2 −β1

)
· ((m1 +m2)(β2 −β1)+m2)

m1 +m2 −1
. (194)

We now use (173), (179), (194), (191), and (193) to obtain

(−1)m1+m2

b−a
∂S f (ω) = (−1)β1+β2 · (T11 +T12 −T21 −T22) . (195)
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Substituting (194), (191), and (193) and simplifying yields

(−1)m1+m2

b−a
∂S f (ω) = (−1)β1+β2 ·

(
m1 +m2 −1
m2 +β2 −β1

)
×
(
((m1 +m2)(β2 −β1)+m2)

m1 +m2 −1
+β1 −β2

)
= (−1)β1+β2 ·

(
m1 +m2 −1
m2 +β2 −β1

)
· m2 +β2 −β1

m1 +m2 −1
. (196)

The equation (196) implies (31) due to
(n

k

)
· k

n =
(n−1

k−1

)
. □
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[11] I. Benjamini, G. Kalai, O. Schramm. First passage percolation has sublinear distance variance. Ann. Probab.

31 (2003), 1970–1978.
[12] S.G. Bobkov, F. Götze, H. Sambale. Higher order concentration of measure. Commun. Contemp. Math.

21(3) (2019), 1850043.
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[44] A. Tal. Tight bounds on the Fourier spectrum of AC0. 32nd Computational Complexity Conference (CCC

2017), LIPIcs 79 (2017), 15:1–15:31.
[45] M. Talagrand. On Russo’s approximate zero-one law. Ann. Probab. 22 (1994), 1576–1587.
[46] K. Tanguy. Talagrand inequality at second order and application to Boolean analysis. J. Theoret. Probab. 33

(2020), 692–714.
[47] C.A. Tracy, H. Widom. Level spacing distributions and the Airy kernel. Comm. Math. Phys. 159 (1994),

151–174.
[48] N. Zygouras. Directed polymers in a random environment: a review of the phase transitions. Stochastic

Process. Appl. 177 (2024), 104–431.

BARUCH COLLEGE, CITY UNIVERSITY OF NEW YORK

Email address: ivan.matic@baruch.cuny.edu

BARUCH COLLEGE, CITY UNIVERSITY OF NEW YORK

Email address: rados.radoicic@baruch.cuny.edu

BARUCH COLLEGE, CITY UNIVERSITY OF NEW YORK

Email address: dan.stefanica@baruch.cuny.edu


