LOWER BOUND FOR A FOURTH-ORDER DERIVATIVE OF FIRST-PASSAGE
PERCOLATION WITH RESPECT TO THE ENVIRONMENT
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ABSTRACT. The variance in first-passage percolation can be bounded in terms of the L2-
norms of derivatives with respect to the environment. The study of higher-order derivatives
in this context is still in its early stages, and only a few results are currently known. In this
work, we prove that —2 is the optimal lower bound for the fourth-order derivative. To
establish this result, we develop an algorithm and implement a computer program that
constructs a rigorous mathematical proof of the inequality.

1. INTRODUCTION

1.1. Model. We will use the same model and the definitions as in [5]. We refer the reader
to the same paper for more comprehensive historical remarks and overview of the literature.
For completeness, we will define the model here and state the results that we will need for
the proofs.

Let a < b be two fixed positive real numbers, and let p € (0, 1) be a fixed probability.
We consider a finite subgraph of the integer lattice Z¢ (for d > 2), restricted to the box
[—2n,2n]¢. Two vertices (x1,...,x4) and (y1,...,y4) are connected by an edge if they are
nearest neighbors, i.e., if |x; —yi |+ + |xg —yq| = L.

Each edge e in this graph is independently assigned a random passage time, taking the
value a with probability p and b with probability 1 — p. Let W, denote the set of all such
edges, and define the sample space as Q,, = {a,b}"", where each element ® € Q, specifies
a particular realization of passage times on the edges.

Given a configuration ® and a path Y (a sequence of adjacent edges), the passage time
T(y,) is defined as the sum of the passage times assigned to the edges in y. For any two
vertices u and v, the function f(u,v,®) denotes the minimal passage time over all paths
connecting « to v in the configuration .

When the destination vertex v is fixed, we may write f,(®), or simply f,, to refer to
F(0,nv, ©).

A path yis called geodesic if the minimum f,,(®) is attained at ¥, i.e. if f,(0) =T (y, ®).

1.2. Environment derivatives. If we denote by W, the set of all edges, then the sample
space is Q, = {a,b}". We will often omit the subscript 7, when there is no danger of
confusion. For each edge j and each @ € Q, we define q;’(a)) as the element of Q whose
J-th coordinate is changed from ®; to a, regardless of what the original value @; was. The
operation G/l-’ is defined in analogous way. Formally, for 6 € {a,b}, we define Gja Q= Q
with

o
@] = {g”‘ ki; (1)
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If ¢ : @ — R is any random variable, then the first order environment derivative d;@ is the
random variable defined as

;¢ = @oo)—@oot. )

For two distinct vertices k and /, we will give the name second order environment deriv-
ative to the quantity dyd;@. In general, if S is a non-empty subset of W, the operator ds¢
is defined recursively as

ds@ = dgy;)(9;9), 3)

where j is an arbitrary element of S. The definition (3) is independent on the choice of j,
since a simple induction can be used to prove that for S = {sy,..., s}, the following holds

dsp = Z Z (71)1a(91)+"'+1a<9m)(poO-glo...ocygr'l". 4)
0,€{ab}  Ouc{ab}

The function 1, : {a,b} — {0, 1} in (4) assigns the value 1 to a and 0 to b.

1.3. Bounds on variance. The following result from [5] provides a bound on the variance
in terms of environment derivatives which generalizes Talagrand’s theorem from [7].

Theorem 1. Let f be a random variable on Q. For every integer k > 1, there exists a real
constant C and an integer ng such that for n > ny, the following inequality holds

var(f) < Y (p(1=p)M (E[duf])
MCW1<|M|<k

e

+C- .
MW MK F1 0 1 4 (1og ”‘9Mf.“2)

®)

1o £l

where ||g||, is the LP-norm of the function g defined as

o= ([ Jsra) = @l

A widely conjectured upper bound for the variance in first-passage percolation is C-n?%,
where the exponent ¥ depends on the dimension d. In two dimensions, current heuristics
and numerical evidence suggest that y = % [1]. A rigorous upper bound of y < % was
proven by Kesten in 1993 [4], but a formal proof that y is strictly less than % remains
elusive. For dimensions d > 2, even conjectural values of ) are not firmly established.
Nevertheless, as noted in [1], it is widely believed that ¥ remains positive in all dimensions,
with its value tending to zero as the dimension increases.

The best known upper bound on the variance is currently C - @,
Benjamini, Kalai, and Schramm [2]. Their argument relies on Talagrand’s inequality [7],
which involves first-order environment derivatives.

We conjecture that the L?>-norms |dy |, are small, particularly in dimensions d > 3,
where exponential decay may occur. However, at present, these quantities remain analyti-
cally difficult to control.

A thorough understanding of environment derivatives would lead to a complete under-
standing of the variance. As shown in [5], the variance can be decomposed as

var(f) = Y (p(-p)M (B[ f)’,

MCW,M+#0

due to the work of
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which highlights the central role of the L>-norms of the derivatives dj;f in determining
fluctuation behavior. Despite their importance, general bounds for these norms are not yet
available.

This paper contributes to the analysis of environment derivatives by completing the
picture of almost sure bounds for all orders up to four. Using algebraic results from [5], we
construct a computer-assisted proof showing that —2 is a lower bound for the fourth-order
derivative [6].

1.4. Almost sure bounds on environment derivatives. The sequence (%,%5,...) rep-
resents the most optimal upper bounds for environment derivatives. The number % is
defined as the best upper bound on the k-th order environment derivative, i.e.

1
U = mmax{%f,,(w):nGN,SQWn,|S\:k,(D€Qn}. (6)

The sequence (£,-%,...) of the most optimal lower bounds is defined in an analogous

way

% = %min{&sfn(a)):n€N7San,|S|:k,weQn}. ™
—a

The re-scaling factor b — a is included to make the numbers %} and %} constant and inde-
pendent on a and b.

Theorem 2. The first four values of (%) and (£;) are given in the table below.

k 1] 2] 3] 4
| 1] 1| 2| 3 ®)
Z | o] —1] -1] =2

Theorem 3. The sequences (%) and (%) satisfy

(k>1) Uy <U-S and Loy > Lo~ U ©)
(Vk>2) % <2?% and || <2F% (10)
(Gko)(Vk > ko) %> V3 and || > V3 (i

Except for .Z4 > —2, all other assertions of Theorems 2 and 3 were proved in [5].

In this paper we will prove %4 > —2. Our main result was obtained through a computer-
assisted proof [6]. The problem was first reduced to 12 cases based on the structure of
the environment. In each case, the derivative was expressed as a sum of 16 terms. The
computer program then reorganized these terms and grouped them into pairs. For each
arrangement, the program tested possible bounds for each pair. Eventually, it succeeded
in finding configurations where significant cancellations occurred, leading to the bound
Ly > 2.

In this paper, we describe the algorithm and present the proof of the inequality as ob-
tained by the program.

2. ESSENTIAL AND INFLUENTIAL EDGES

Except for Proposition 1 below, the results in this section were proved in [5]. Proposi-
tion 1 is trivial, but so important that it must be listed.
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Proposition 1. For every i # j, every a, B € {a,b}, and every random variable ¢,

otoc? = o (12)
ofool = of oo (13)
(Gip)ooy = dig; (14)
%de = O (15)
90;9 = 0,0,; (16)
Q- ly—a = q)oG[a~1w[:a. 7

For a fixed edge j € W,,, define the events A; and A ; with
A = {0eQ,:90;f(w)#0}; (18)

~

A = {0e€Q,:9;f(w)=b—a}. (19)

The edge j is called influential if the event A; occurred, and very influential if A j occurred.
The edge j is called essential if each geodesics passes through j, and semi-essential if at
least one geodesic passes through j. We will denote by E; the event that the edge j is
essential and by £ ; the event that the edge j is semi-essential.

Proposition 2. The events Ej, Aj, Ej, and A; satisfy

A; = (o)1 (E): (20)

Aj = (o)) (Ep. 1)
Proposition 3. The following two propositions hold for every @ € Q.
C b _ .
(@) If oj(0) € E}, then f(0}(0)) = (0} (®));

(b) 1 52(0) € £, then f(0}(@)) = f(0}(0)) + (b—a).

The sets {®; = a} and {®; = b} are the ranges of the transformations o/ and ob,ie.

o/ (Q) ={wj=a} and o} (Q)={w;=>b} (22)

Proposition 4. For every j € W, the events Ej, E j» Aj, and A ; satisfy

GJL-I(A]') :G]L-I(Ajﬂ{a)j =b}) :Ajﬂ{(l)j:a} :Ejﬂ{(l)j :a}; 23)

Gjb(AAJ) = G]l?(Ajﬂ{(Dj :a}) :AAjﬁ{(Dj :b} :Ejm{wj :b} (24)
Proposition 5. For every j € W, the events Ej, E i Aj, and A j satisfy
E;CE;, A;CA

~ N

Jo
EjCA;, A;CE,

(25)

Proposition 6. Assume that ® € E;. A path y is a geodesic on @ if and only if it is a
geodesic on 0§ (®).

Ifd e {a,b} and v € W™, define Gg Q= Qas

O-g — G\ﬁlo"'ocx(rfnmv (26)

where o, ..., oy, are the components of o and Vi, ..., vy, are the components of V.
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3. RESULTS FROM GRAPH THEORY THAT ARE USED IN PROOFS

3.1. Helpful pairs. Let us analyze the representation (4) for ds f for set S with m elements.
We can partition all vectors from {a,b}™ into two sets: V" and V. The vector belongs
to V,7 if it has an even number of components a; otherwise the vector is in V,,;. The
environment derivative can be written as

af@) = ¥ flo5 (@)~ ¥ flof (@) &)
Vevt Vev,
Denote ¥, = V,;} x V,. We will say that (i, W) € ¥, is an associated pair if i and W
differ in exactly one coordinate. Every associated pair (7, W) satisfies
f(of (@)~ f(o5 (@) € [0.b-adl. 28)
Let us partition the set VI as V7 = ,&g) V¥ (2k), where V,I(2k) is the subset of those
vectors from V, that contain exactly 2k elements equal to a. We partition the set V,, as
V., = U/E) V., (2k+ 1) in an analogous way. Let us partition ¥, into two subsets ¥, and
“//,,f defined as

¥ = {(U, W)€V 3T €V, (2i), W€V, (2i+1)}, (29)

Yy = {(d, W)W F)U €V, (2i), WeV, 2i-1)}. (30)
Observe that the following inequalities hold for every ® € Q

(@, W) e = fof (0)-f(of () € [0,b—al, 31

(@ W) et = fof (0)-f(of (@) € [~(b—a).0]. (32)

For fixed S C W and fixed ® € Q, we define the subsets 2 (@), #* (), H# (0),
Jff(a)), e%ﬂj’(a)), and %, () of ¥, in the following way

AN0) = {(@ W) f(of (@) - flof (@) =b=a}:  (33)
HHw) = {(@.W) et f(of (0) - f(of (©) = 0}: (34)
#lw) = {(@.W)er]: f(of (0)-f(o5 (©) = 0}: (35)
Hhw) = {(@W) et flof (0) - f(of (@) =—(b-a)}:  (36)
A (o) = A (0)uA (o), 37)
H(0) = AL 0)UA (o). (38)

We say that the associated pair (77 W) is a negatively helpful pair if it belongs to S (®).
The associated pair (7, W) is a positively helpful pair if it belongs to 57 (®).

For fixed S and @, we define H, (S, ) as the largest number of disjoint positively
helpful pairs. Similarly, we define H_ (S, ®) as the largest number of disjoint negatively
helpful pairs.

3.2. Matching tolerance. Let us first review our definition of the graph 7;,. The vertices
are the elements of {a,b}". For the purposes of this subsection it is most convenient to
think of {a,b}"™ as the m-dimensional hypercube. Edges are drawn between associated
pairs of vertices, i.e. between the m-tuples that differ in exactly one coordinate. This graph
is bipartite and the partition of the vertices is the pair (V,,V, ), where V,i are those m-
tuples from {a,b}™ with even number of as and V,; are the m-tuples with odd number of
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as. Let us recall that the perfect matching in the bipartite graph is defined as the partition of
the vertex set V, UV, in two-element subsets such that the elements in each of the subsets
are connected by an edge. In some literature, the term marriage or Hall’s marriage is used
for perfect matching.

We define the matching tolerance of the graph as the largest integer T for which the fol-

lowing holds: For every R < T and every choice of R disjoint edges (uf,w?), ..., (i, wg)
from ¥;,, after the removal of {u_f, ey ﬁ} from V, and the removal of {v71> s ,We} from

V.., there still exists a perfect matching on the remaining graph.

Let us denote by T(¥,,) the matching tolerance of the graph ¥;,,. The graph ¥, is
isomorphic to C%', where C; is a cycle of length 2. The matching tolerance has a simple
relation to the matching preclusion mp(%;,), defined as the minimal number of edges that
has to be removed to make it impossible to find the perfect matching. The relationship is
T (V) = mp(¥,) — 1. We will need the following result, which is equivalent to Theorem
12 from [3].

Theorem 4. For m > 3, the matching tolerance of ¥, ism—1, i.e. T(Vy) =m— 1.

Proposition 7. Assume that S is a subset of W with m elements. The following inequalities
hold

dsf(w) > —(2" 2 —min{H_(S,®),m—1})(b—a), (39)
dsf(w) < (2" 2 —min{H,(S,0),m—1})(b—a). (40)

Proof. We will only prove (39). The proof of (40) is analogous. In order to prove (39), it
suffices to prove that for every k < T(¥;,) = m — 1, the existence of k disjoint negatively
helpful pairs on @ implies

dsflw) > —(@2"2—k)(b—a). 1)

Assume that o7 is a subset of ¥}, and that each element of .7 is an associated pair (i.e. an
edge in the graph). The set .7 can be partitioned into .27 and .+ in the following way

=0y and =NV}

Let & be the set of k disjoint negatively helpful pairs on the outcome @. Let .# be the
perfect matching on the remaining bipartite graph that is obtained when all the components
of & are removed from V, UV, . For each &/ C ¥;,, we define £, (<) as

L) = Y (fef (@)1 ().
(4, W)eos

The equation (27) implies that the environment derivative ds f(®) satisfies
Isf(®) = E(PN)+E5(P)+Zo( M)+ T5(MY). 42)
From the definition of negatively helpful pairs we have

za(ﬁ):(b—a)‘w‘ and T,(2%) =0. 43)

On the other hand, we have f(67(a))) —f(GW(a))) > 0 whenever (0, W) e .. If
(W, W) € 4", then f(0'7(a))) —f(O'W((D)) > —(b—a). This lower bound was trivial,
but on .#*+ we cannot count on any sharper bound. These last two bounds imply

S5(.#") >0 and Za(//ﬂ)z—(b—a)‘//ﬂ‘. (44)
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We now use (42), (43), and (44) to obtain
Iflw) > (b—a)-(‘yT‘—’//ﬂD. (45)
Observe that |.#1|+| 21| =2"2 and |.#*| + | 2+ = 2" 2. Therefore,
Vﬂ‘ — o2 ‘gzl’ =272 (k- ‘,@T)) - ‘gﬁ‘ ke 2m2,

The last equation implies that |£9T| — ’/// H =k —2"2. The inequality (45) now turns
into the desired inequality (41). As we discussed earlier, the inequality (39) follows from
(41). O

3.3. Case m = 4. Since we know that T(¥4) = 3, we can restate the Proposition 7 for the
case m = 4 in a more convenient form.

Proposition 8. Assume that |S| = 4. If there are 2 negatively helpful pairs on o, then
dsf(w) > —2(b—a).

Proof. This follows directly from (41) by taking k = 2 and observing that this choice of k
satisfies k < T(%4). O

Hence, we only need to consider the cases in which the number of negatively helpful
pairs is 0 or 1. We will write S = {v{,v2,v3,v4} and we will write E; and E; instead of E,,

and E,,. We will also write G?(a)) instead of 0'(?1 vyvaw) (@)

3.4. Direction of the flow. The following proposition states that the direction of the flow
cannot change if only few edges change their passage times.

%
Proposition 9. Assume that k and | are two fixed edges and that d and B are two fixed

vectors in {a,b}%. Assume that y( Q) f a geodesic on O-(ZI) (o) that contains both k and 1.

%
Assume that y( ) is a geodesic on 0'(63‘1) (w) that contains both k and 1. Then, if k appears
’ —
before | on the curve y(ﬁ) then k must appear before | on the curve y( 3 ).

%
Proof. Assume the contrary, that on () the edge / appears before k. Although the

_>
direction between k and [/ is different on the curves y(ﬁ) and y( P ), the passage times
must be equal. We may assume that the two curves coincide between k and /.

Let us denote by y(k,/) this common path. Let y~ (a)) be the section of }/(3) before the
edge k. Let }/*(ﬁ) be the section of y(ﬁ) after /. Define }/’(E)) as the section of }/(B})
before the edge [ and by y™( ) be the section of y( 8) after k. The curve ¥; obtained
by connecting y~ (3) k, and y*( 8 ) may or may not be the geodesic on O'a)(a)). Hence,
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the passage time over y’(ﬁ), k, y(k,0), 1, y*© (3) (which is the same as }/(3)) must be
smaller than or equal than the passage time over the curve ;. We obtain

T(y () + o+ T(y(k, 1)) + 0y + T(y* ()
< Ty (@) + o+ T (B)). (46)

In an analogous way we obtain

— —
T(y (B)+B+T(yk, 1))+ B +T (v (B))
_>
< Ty (B)+B+T(r" (d)). @7)
If we add the inequalities (46) and (47) and cancel the common terms, we obtain ¢ +

Br + 2T (y(k,1)) < 0. The last inequality is not possible because the number T (y(k,/)) is
non-negative and each of o and f; is strictly positive. O

4. PROOF OF %4 > —2 IN CERTAIN SPECIAL CASES

4.1. Case in which a geodesic on ¢(**“?% (@) omits some of the elements of S. The
next three propositions prove that the inequality dsf (@) > —2(b — a) holds unless each
geodesic on the environment ¢(@44:4) (w) passes through all of the elements of S. In other
words, the next three propositions will imply

G(a,a,a,a)(a)) ¢E\NE;NE3NEy = dsf(®) > —2(b—a). (48)

Proposition 10. Assume that there is a geodesic on ¢@%44) () that omits three elements
of S. Then dsf(®w) > —2(b —a).

Proof. Assume that there were a geodesic on 0(@@.a:a) that omits vy, v3, and v4. We im-
mediately have (o' (w)) = f(c\**P)(@)) = f(c\**t")(@)) = f(c“PPP)(@)).
The pairs ((a,a,a,a),(a,a,a,b)) and ((a,a,b,b),(a,b,b,b)) would be two disjoint nega-
tively helpful pairs, and the Proposition 8 would imply that dsf(®) is bounded below by
—2(b—a). 0

Proposition 11. Assume that there is a geodesic on 6““%% (®) that omits two elements
of S. Then dsf(®) > —2(b — a).

Proof. Due to the Proposition 10 we may assume that every geodesic on G(“V“*“'f“)((o)
passes through at least two elements of S. Assume that the geodesic y(a,a,a,a) passes
through v; and v, and omits v3 and v4. We may assume that v appears before v, on
Y(a,a,a,a).

Each of the pairs ((a,a,a,a),(a,a,a,b)) and ((a,a,a,a),(a,a,b,a)) is negatively help-
ful. However, they are not disjoint, so we don’t have a direct help from Proposition 8.
However, let us look at the following 8 relations.

o @b (@) e EyNE;NESNES;  6@Pab) (@) e EyNES NE3NES;
c @b () e EyNES NES NEy; o4 (@) € EC NE;NE3NES;
o4t (@) e ECNE,NES NEy 6P 9)(w) € Ef NES NE;NE;.

Observe that if any of the above 8 relations fails, then there is another negatively helpful
pair, due to Proposition 3. One of its components is from 7/44“(2). This component is cer-
tainly not among (a,a,a,a), (a,a,a,b), (a,a,b,a). The other component is from ¥, (3) or
¥, (1). This other component can’t be equal to both of (a,a,a,b) and (a,a,b,a); thus this
new negatively helpful pair would be disjoint with one of the pairs ((a,a,a,a),(a,a,a,b))
and ((a,a,a,a),(a,a,b,a)). This would immediately imply dsf (@) > —2(b —a).
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Assume now that ¥(a,a,a,a) passes through v, and v;; omits vz and v4; and that each
of the 8 relations from above is satisfied. Let us consider a geodesic y(b,b,a,a) on
cP:049)(@). This geodesic must go through v3 and v4 and must omit v; and v,. With-
out loss of generality, we may assume that v3 appears before v4. Let ¥~ (a,a,a,a) be the
section of y(a,a,a,a) before vi and Ly = T(y (a,a,a,a)). Let v~ (b,b,a,a) be the sec-
tion of y(b,b,a,a) before v3. Let ¥ (a,a,a,a) be the section of ¥(a,a,a,a) after v, and
Ry =T(y"(a,a,a,a)). Let y*(b,b,a,a) the section of y(b,b,a,a) after vy.

yi(b7a’b7a) y+(a7b7a7b)
v~ (b,b,a,a) V3 €3 V4 y"(b,b,a,a)
€13 €24
L Vi €12 V2 R>

Let us consider a geodesic y(a,b,a,b) on 6@»45)(@). It must go through v; and v3;
and it must omit v, and v4. Let y(v,v3) be the section of y(a,b,a,b) between v; and
v3. We have two cases: v appears before v3 on y(a,b,a,b); or v3 appears before v; on
Y(a,b,a,b). If the edge v3 appears before v; on y(a,b,a,b) we denote by 7' (a,b,a,b) be
the section of y(a,b,a,b) after vi. The curve ¥~ (a,a,a,a) U{v, } U¥" (a,b,a,b) cannot be
a geodesic on glabab) () because it doesn’t go through v3. Hence,

T(y (b,b,a,a)) +a+T(y(vi,v3)) < T(y (a,a,a,a)). (49)

However, this contradicts the fact that ¥(a,a,a,a) is a geodesic on ¢(**%%) (). Hence,
we conclude that v, is before v3 on 6(@P40) ().

In an analogous way we conclude that v, is after v4 on obaba) (o).

Let Y~ (b,a,b,a) be the section of the geodesic on the environment 64?9 (@) before
vy4. Define y*(a,b,a,b) as the section of the geodesic on ¢(@?%) (@) after v;. We may
assume that ¥y~ (a,b,a,b) = v~ (a,a,a,a) and vy (b,a,b,a) = Yy (a,a,a,a). Let us denote
Y(vi,v2) the section of y(a,a,a,a) between v; and v,. Let e be the percolation time
over ¥(vi,v2). Define y(v3,vs) the section of y(b,b,a,a,) between v3 and v4 and e3q4 =
T(y(vs3,va)). Let e13 = T(y(v1,v3)), where y(vy,v3) is the section between v; and v3 on
Y(a,b,a,b). Similarly, let eps = T(y(v2,v4)), where ¥(v2,v4) is the section of y(b,a,b,a)
between v4 and v;. Define

p = Li+en+R+2a (50)

The shortest passage times on 6(@%%?) (@), (@409 (@), and 6(**bb) (@) are all equal
to the shortest passage time on ¢(*%%%) (@), i.e.

flolwa(@) = (o) = f(o'040) (@) = (o140 (@))
_ ). (51)
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If we take the path y(a,a,a,a) on the environment &
be p + (b —a). Hence,

abbb(@), the passage time would
f(c PP (@) <p+(b—a). (52)
Monotonicity implies that the following relations are satisfied
f6 P (@) < f(a PP (@)); (53)
faP4*(w)) < f(a“ (@)); 54
F(65PD) (@) < (P00 (@), (55)
)

,b,a,a) is equal to the sum

On the environment ¢(*?44) (@), the passage time over y(b
v+ (b,b,a,a), and the passage

of the passage times over the sections Y~ (b,b,a,a), Y(v3,v4),
times of edges v3 and v4. Therefore,

)) = T(y (b.ba.a)+T(y (b,b.a,a))+esu+2a.  (56)

(@
The curve y(a,b,a,b) has the same passage time as the curve obtained by concatenating
Y (a,a,a,a), {vl} yY(v1,v3), {v3}, and y* (a,b,a,b). Therefore,

(

( (b,b,a,a)

f(6 @D (@) = Li+e3+T(y"(a,b,a,b))+2a. (57
Using an analogous observation, we obtain
f(G(b’a’b’a)((D)) = Ry+eu+T(y (b,a,b,a))+2a. (58)

We will obtain an upper bound for f(c(?%?)(®)) using the curve obtained by concate-
nating ¥~ (b,b,a,a), {vs}, and y" (a,b,a,b). Similarly, we will derive an upper bound for
f (o9 (@)) by calculating the passage time over the curve obtained by concatenating
v (b,a,b,a), {vs}, and y*(b,b,a,a).

fe®PaP (@) < T(y (b,b,a,a))+T(v"(a,b,a,b))+a; (59)
(6?2 (@) < T(y (b,a,b,a))+T(y" (b,b,a,a))+a. (60)
The relations (51-60) can be used with (4) to obtain
dsf(w) > —p—(b—a)+4a+Li+Ry+ei3+es+en.
The last equation can be further simplified using the definition of p from (50). We derive
dsf(w) > —(b—a)+2a+ei3+esu+en—enn. (61)

It remains to observe that on G<“’“’“*")(a)), the geodesic Y\*%4%) must have the passage
time that is shorter than or equal to the passage time over the concatenation of Y~ (a,a,a,a),

{v1}, v(v1,v3), {vs}, ¥(v3,va), {va}, ¥(v2,v4), {v2}, ¥ (a,a,a,a). Therefore,

e < 2a+teztezsten.
The last inequality and (61) further imply that dsf(®) > —(b —a). As a consequence, we
have dsf (@) > —2(b—a). O
Proposition 12. Assume that there is a geodesic on olaaaa) () that omits one element of

S. Then dsf (@) > —2(b—a).

Proof. Let y(a,a,a,a) be a geodesic that does not pass through v4. We may assume that
it passes through vy, v,, and v3. Otherwise, the desired inequality would be a consequence
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of Propositions 10 and 11. The pair ((a,a,a,a),(a,a,a,b)) is a negatively helpful pair.
Consider the following 8 relations.

@abb)(@ye ENE,  NES; o@bebl(w)e E  NENES;
(abba) (w)e E; QEZC ﬁEg NEy; olbaab) (w) € ExNEs ﬂEAf;
baba)(@) e ECNE,NESNEy; oPPe9 (@) e ESNESNE;NE;.  (62)

(o)
(e

o

If any of them is not satisfied, then according to Proposition 3, there would be another neg-
atively helpful pair that is disjoint with ((a,a,a,a),(a,a,a,b)). The Proposition 8 would
imply that dsf(®) is bounded below by —2(b — a). Therefore, it remains to only consider
the case in which all 8 of the relations (62) are satisfied.

Assume that vq, v, and v3 appear in this order on the geodesic y(a,a,a,a). Let us
define Y~ (a,a,a,a), y(vi,v2), ¥(v2,v3), and ¥" (a,a,a,a) as the sections in which vy, vy,
and v3 divide the curve y(a,a,a,a). These sections are defined to not contain the points
vi, v2, and v3. Let ¥(a,b,b,a) be a geodesic on 6(@??@ (). We first prove that v| ap-
pears before v4 on y(a,b,b,a). If this were not true, and if v4 appeared before vy, then
the curve obtained by concatenating the section of y(a,b,b,a) before v; would have a
strictly shorter passage time than ¥~ (a,a,a,a). The inequality would be strict because a
geodesic on g@b::4) () cannot omit v4. However, this is a contradiction: there could not
be a more efficient path to the edge v; than Y~ (a,a,a,a) because y(a,a,a,a) is a geodesic
on ¢(@%%)(@). This proves that v| is before v4 on 6(“?*® (@). In an analogous way,
if we denote by ¥(b,b,a,a) a geodesic on ¢»/49) (@), we obtain that v3 is after v4 on
Y(b,b,a,a).

We may assume that the section of y(a,b,b,a) before v; coincides with v~ (a,a,a,a).
In a similar way, we may assume that the section of y(b,b,a,a) after v3 coincides with
vt (a,a,a,a). Let y~ (b,b,a,a) be the section of y(b,b,a,a) before v4. Let Y™ (a,b,b,a) be
the section of y(a,b,b,a) after v4.

Let y(b,a,b,a) be a geodesic on 64?4 (@). There are two cases: v, can be before
or after v4 on y(b,a,b,a). The two cases are analogous. We will assume, without loss
of generality, that v, is before v4. We may assume that the section of y(b,a,b,a) after v4
coincides with y* (a,b,b,a). Let y~ (b,a,b,a) be the section of y(b,a,b,a) before v;.

Let y(vi,v4) be the section of y(a,b,b,a) between v; and va; y(v3,v4) the section of
Y(b,b,a,a) between v3 and vy4; and (v, v4) the section of y(b,a,b,a) between v, and vy.
Define the numbers L = T(y (a,a,a,a)), e12 = T(y(v1,v2)), €23 = T(y(v2,v3)), R3 =
T(v"(a,a,a,a)), erxs = T(Y(v1,v4)), e24 = T(Y(v2,v4)), ez = T(y(v3,v4)), and

p = Li+epn+en+Ri+3a. (63)
y_(b,b,a,a) V4 y+(a,b,b,a)
€14 €2 €34
L 120 €23 R3
Vi V2 V3

,)/7 (b7 a’ b7 a)
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The following identities follow directly from the definitions of the curves y(a,a,a,a),
Y(a,b,b,a), and y(b,a,b,a), and y(b,b,a,a).

f(ol@aea)(g)) = f(c\® ) (@)) = p; (64)
f(c®P (@) = T(y (b,a,b,a))+ewu+T(y (a,b,b,a))+2a; (65)
f(c®P49) (@) = Rs+ewu+T(y (b,b,a,a))+2a. (66)

We can use monotonicity to obtain

f(01@429 (@) < [P0 (@), foee)(0)) < flo4 ) (@), ©7)
F(e040) (@) < (0P (@) + (b-a); [(5“P (@) < (P00 (@)). (©68)

Let y(a,a,b,b) be a geodesic on ¢(»*b) (). From (62) we know that ¢(“4*?)(@) €
EiNE, ﬂEf. Therefore, we are sure that y(a,a,b,b) passes through v and v3 and that it
omits v4. However, we don’t know whether y(a,a,b,b) passes through vs. Let us denote
by y*(a,a,b,b) the section of y(a,a,b,b) after v;. We may assume that the section of
Y(a,a,b,b) before v, consides with y(a,a,a,a). The section y*(a,a,b,b) may or may
not pass through v3. Therefore, the passage time over y*(a,a,b,b) on the environments
oj(a)) may depend on 7 € {a,b}*. We have the equatality

f(cl @) (@) = Li+epn+2a+T(y (a,a,b,b),c P (w)). (69

We will now find a bound for f(5»*%)(@)). Consider the concatenation of Y~ (b,a,b,a),
{2}, and y*(a,a,b,b). The passage time over this curve is also an upper bound for
f(cbabb)(@)). Hence,

F(a®@PP) @)y < T(y (b,a,b,a))+a+T(y"(a,a,b,b),c>*) (@)
T(y (b,a,b,a))+a+T(y" (a,a,b,b),c“*"") (@)

)

)-
The last equality holds because the two environments ¢“%**) (@) and 0' (b:ab.b) (@) differ
only in the value that is assigned to the edge v;. However, the curve y* (a,a,b,b) does not
pass through vy.

The passage time over the curve Y~ (b,b,a,a) U{va} Uy (a,b,b,a) is an upper bound
for f(c»P?9)(@)). The passage time over the concatenation of the curves ¥~ (a,a,a,a),
i}, Y(vi,va), {va}, Y(v3,v4), {3}, " (a,a,a,a) is an upper bound for f(c(@?%%)(@)).
Therefore,

(70)

f(e®bPa)(w)) < T(y (b,b,a,a))+T(y"(a,b,b,a))+a; (1)
f(c@Pe) (@) < Lj+eis+ess+Ri+3a. (72)

We now use the formula (4) and the relations (64—72) to obtain
osf(w) > —(b—a)+a+eu+en—en. (73)

Let us consider the environment ¢(***) (@) once again and derive a triangle inequality
that will finish the proof of this proposition. The geodesic y(a,b,b,a) must have a passage
time that is smaller than or equal than the passage time over the curve in which the segment
Y(vi,va) of y(a,b,b,a) is replaced by y(vi,v2) U{va}U¥(v2,v4). Since the value assigned
to vy is b on the environment 6(“**% (@), we have

ey <epteutb.

The last inequality is equivalent to ej; + ex4 — €14 > —b, which together with (73) implies
that dsf(®w) > —2(b —a). O
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4.2. Case in which there are no negatively helpful pairs.

Proposition 13. [f there are no negatively helpful pairs, then all of the following relations
must be satisfied

c@abb) (@) e EyNE,NES NES; o @bY (@) e EyNES NE;NES;
ol PP (w) € B\ NES NES NEs;  o»**P)(0) € Ef NE2NE;NES;
cPr)(w) € Ef NE2NES NEs; 6P (0) € Ef NES NE; M Es;
O_(a,a.,a.,a)(m) ceEINE;NE3NE;,.

Proof. This is an immediate consequence of Proposition 3. ]

Proposition 14. If there are no negatively helpful pairs, then dsf (@) > —(b— a).

Proof. From Proposition 13 we know that every geodesic on G(“=“*“’”)(w) passes through
all of elements of S. Assume that y(a,a,a,a) is one geodesic on 6(*““% (@). Without loss
of generality, we may assume that the order of the edges of S'is vy, v», v3, v4. Let L be the
first passage percolation time over the section of ¥(a,a,a,a) before the edge v;. Let ej, be
the first passage percolation time between v| and v,; ey3 the time between v, and v3; e3q
the time between v; and v4; and R4 the time after v4. Let us define

p = Li+epn+en+es+Ri+4a. (74)
Then
f(e“* (@) = T(y(a,a,a,a),0)=p. (75)

’}/12(b7b>aaa) Y34(ava>b’b)

Y3(a,b,b,a)

Ya(a,b,a,b)

We know that the condition 6(@*)(@) € E; NE; NES NES must be satisfied. Let
9(a,a,b,b) be a geodesic on 6(@*) (). This geodesic must pass through v; and v, and
must not pass through either of v3 and v4. It is easy to prove that v; and v, must occur in the
same order on §(a,a,b,b) as they do on y(a,a,a,a). The paths ¥(a,a,b,b) and y(a,a,a,a)
must have the same costs before v,. Therefore, we may assume that they coalesce before v;.
Let p34(a,a,b,b) be the section of §(a,a,b,b) after the edge v». The section Y34 (a,a,b,b)
contains no edges from S. We will thus omit @ and just write T(y34(a,a,b,b)). Since
(a,a,b,b) must not be a geodesic on 6“9 (@), and y(a,a,a,a) must not be a geodesic



14 I. MATIC, R. RADOICIC, AND D. STEFANICA

on ¢@*bb) (@), we conclude that there exists a real number 834(a,a, b, b) from the interval
(0,b — a) such that

T(ys4(a,a,b,b)) = ex3+esa+Ra+2a+2634(a,a,b,b).
Consequently,
f(c@abb)(@)) = p+265(a,a,b,b). (76)

We will now use that 6(***?) (@) € EyNES NE3NES. Let §(a,b,a,b) be a geodesic on
G(“vb*“’b)(a)). Using a similar reasoning as before, we conclude that we may assume that
Y(a,b,a,b) coalesce with y(a,a,a,a) before v; and that there are two sections 9 (a,b,a,b)
and ys(a,b,a,b) of §(a,b,a,b) such that y»(a,b,a,b) connects v and v3 and ys(a,b,a,b)
starts at v3 and contains the remainder of the curve §(a,b,a,b). Using a similar argument
to the one before, we conclude that there is 62(a,b,a,b) € (0,b —a) and 64(a,b,a,b) €
(0,b — a) such that

T(y.(a,b,a,b)) eixtexn+a+0(a,b,a,b),
T(ya(a,b,a,b)) Ri+ess+a+ 64(a,b,a,b);
f(a\ @)y = p 1 6y(a,b,a,b)+64(a,b,a,b). (77)

By analyzing the requirement ¢(@>2:@) (w) €E; QEZC ﬂﬁg N E4 and applying similar logic,
we conclude that there exists a path ¥3(a,b,b,a) that connects v; and v4 and that there
exists 023(a,b,b,a) € (0,b — a) such that the following equations are satisfied

T(p3(a,b,b,a)) = en+exn+es+2a+26x(a,b,b,a);
F(G1 2P0 (@) = p+26x(ab,b,a). 7

Let us now analyze the requirement ¢(>***) ¢ EC N E;NE; NES. Let 9(b,a,a,b) be a
geodesic on G(b=“’“’b>(a)). This geodesic must pass through v3 and omit v4. This property
was also satisfied by the geodesic §(a,b,a,b). Therefore, these two geodesics must have
the same passage time after vz and we may assume that they coalesce. Hence, we may as-
sume that after vs, the geodesic 7(b,a,a,b) goes along the path v4(a,b,a,b). Let us denote
by 71(b,a,a,b) the section of 9(b,a,a,b) before the edge v,. The section ¥, (b,a,a,b) must
not pass through v;. Using the same reasoning as before, we conclude that there exists
0 (b,a,a,b) € (0,b— a) such that

T(yi(b,a,a,b)) = Li+epp+a+06(b,a,a,b);

f(cr(b’a’a?b)(w)) = p+91(b7a7avb)+94(a7b7a7b)‘ (79)
Using a similar reasoning, we conclude that there is a geodesic §(b,a,b,a) on ¢»*) (@)
that coincides with ¥;(b,a,a,b) before the edge v, and that follows the path y3(b,a,b,a)
that connects v, and v4 but avoids v3. We also conclude that there is 65(b,a,b,a) € (0,b—
a) for which

T(ys(b,a,b,a)) = en+ess+a+ 63(b,a,b,a);

F(aP4P)(@)) = p+6,(b,a,a,b)+ 6s(b,a,b,a). (80)
By analyzing ¢(»*%%) (@) € EC NES N E;NE4 and the geodesic §(b,b,a,a) on the en-

vironment (>4 (@), we conclude that there is a path y12(b,b,a,a) that connects the
source with v3 and omits v and v,. There is a real number 61,(b,b,a,a) € (0,b — a) such
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that

T(n2(b,b,a,a)) = Li+en+ex+2a+26012(b,b,a,a);

f(c®Pe) (@) = p42615(b,b,a,a). (81)
We will now obtain an upper bound for f(c(@%4%)(®)). Consider the section of the curve
Y(a,a,a,a) before the edge v3. When this section is concatenated with v3 and Y4 (a,b,a,b)

we obtain the curve that we will call y(a,a,a,b). The passage time over y(a,a,a,b) is at
p + 64(a,b,a,b), hence

F(6 @) (@) < p+64(a,b,a,b). (82)
Using similar arguments we obtain the following inequalities

f(c@P) (@) < p+6s(b,a,b,a); (83)

f(c@Pe9 (@) < p+6y(a,b,a,b); (84)

f(cP9)(@)) < p+6(b,a,a,b). (85)
The monotonicity implies the following bound

1( olab.bb) () < f(6<b7b7b,b) (o). (86)

Let us consider the environment ¢»#) (). Define the curve y(b,a,b,b) as the concate-
nation of ¥, (b,a,a,b), {v2}, and p34(a,a,b,b). The passage time over the curve y(b,a,b,D)
is p + 6;(b,a,a,b) +26s4(a,a,b,b). Similarly, on the environment ¢(**%%) (@), the pas-
sage time over the concatenation of y12(b,b,a,a), {vs}, and y1(a,b,a,b) is equal to p +
2015(b,b,a,a) + 64(a,b,a,b). On the environment ¢»?*% (@) we consider the follow-
ing curve y(b,b,b,a). First we take the section of y(a,a,a,a) before v;, then we include
the edge v; (which has unfavorable passage time b), then we include the path y3(a,b,b,a),
then the edge v4, and the remainder of the curve y(a, a,a,a). The passage time over the con-
structed curve y(b,b,b,a) is T(y(b,b,b,a),c'"P?9) (@) = p + (b — a) +263(a,b,b,a).
We have established the following inequalities

F(a®4PP) (@) < p+61(b,a,a,b)+2634(a,a,b,b); (87)
F(aPPeD) (@) < p+2612(b,b,a,a)+ 64(a,b,a,b); (88)
f(e®Pb9 (@) < p+(b—a)+26x(a,b,b,a). (89)
We now use the formulas (75-89) to obtain dsf (@) > — (b —a). O

5. COMPUTER-ASSISTED PROOF OF THE INEQUALITY % > —2

5.1. Assumptions that we are allowed to make. Throughout this section we will assume
that the environment @ and the four-element set S C W are fixed. The inequality dsf () >
—2(b — a) has been already established in multiple cases. Let us summarize these cases:

) () € E\NE;NE3NEy = dsf(0) > —2(b—a); (90)
There are no negatively helpful pairs = Jdsf(®) > —2(b—a). 91)

Therefore, it remains to consider the cases in which we are allowed to assume that the
environment ¢ (4:4::9) () belongs to each of the events E1, E, E3, and E4. We will choose
one geodesic on y\*“%% (@) and denote it by y(a,a,a,a). This geodesic passes through
all elements of S, because all geodesics must do so on 6%**¢(). Without loss of gen-
erality, we may assume that the edges vy, v2, v3, and v4 appear in this order. These edges
divide the curve y(a,a,a,a) into sections Y~ (a,a,a,a), ¥(vi,v2), Y(v2,v3), ¥(v3,vs), and
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v+ (a,a,a,a). We define these sections in such a way that they do not contain their end-
points vy, va, v3, v4. Then the passage times over these sections are the same on all envi-
ronments 0'?((1)) for 7 € {a, b}4. We will denote these passage times by Ly, e12, €23, €34,
and Ry, respectively. Define

p = 4a+Li+epn+texn+ezn+Ra. 92)
The value of (@449 (@)) is p.

5.2. Helpfulness indicators. For each i € {1,2,3,4}, we define the helpfulness indicator
% {a,b}* — {0,1} in the following way

0, ifri=aand "

()
0, ifri=bandc’ (@) € E€
(o)

xi(7) i (93)

1, ifri=aand o’ (w) € EC
1, ifrr=bando’ (o) € E;.

If the helpfulness indicator is equal to 1, then we can easily identify one very convenient
negatively helpful pair, due to Proposition 3.

If all helpfulness indicators of 7 are 0, then we can gain a very valuable knowledge
about geodesic on 67((0). Moreover, such knowledge would be sufficiently easy to gain
in the case that 7 has exactly two as and two bs. We will build a computer algorithm
capable of constructing geodesics on oj(a)) when all of the helpfulness indicators of 7
are equal to O.

6. COMPUTER-GENERATED PROOF

This section completes the proof of the inequality .%4 > —2. The section is written by
the computer, and although it is somewhat long, the reader can read and verify that it is cor-
rect. There are 24 possible cases. However, due to symmetry, we can reduce the casework
to twelve cases. The other twelve are analogous. For example, the case 6(““??)(@) € ES
is analogous to o(P?49) (@) € ES; the case 6(@??) (@) € Ej is analogous to the case
cb:bad) (@) e E,.

These 12 cases were checked by the computer program. In each of the cases the com-
puter has identified the proof of dsf(®) > —2(b —a). The computer program generated
the following human-readable proofs for each of the cases.

6.1. Analysis of the case ¢(““**) (@) € E,. The Proposition 3 implies
F(O“h) (@) = (b a)  £(64) (@) o

Initially, we can make the following straightforward conclusions about the environment.

G(aya-,a:a)(w) € E|NE;NE3NEy;
o (bbaa) () € ESNESNE;NEy;
cbeb9) () € EynESNE;;
@b (w) e ENESNE;;
cPeat) (@) e ECNE,NE3NES;

o) (@) e ENESNE;NES.
We will now prove that the previous equations imply one additional inclusion:

5040 (o) € £
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We know that ¢(*%%b) (@) belongs to ES NE, N E3NES and that 6(>**9) (@) belongs
to E> OE3C N E4. Let us consider an arbitrary geodesic on the environment G(bf“’b’“)(a)).
We know that it must pass through v,. The section before v, has the same passage time
as the corresponding section of each geodesic on G(b=“’“7b>(a)). Hence, each geodesic on
o(»4:2:4) (@) must omit v;. Hence, we have 6»*4) (@) € E€ N E, N ES NE4. The follow-
ing relations are satisfied.

(0) € ENEyNE3NEg;
cPred (@) e ECNESNEsNEs;
ot (@) e ECNE,NESNEy;
c@bba (@) € ENESNEy;
cbah) (@) e ESNE,NE;NES;
cl@bad) (@) € ENESNE;NES. (95)

Denote by y(a,a,a,a) the geodesic on the environment 6(**%9) (). Let ¥~ (a,a,a,a) be
the section of y(a,a,a,a) before v;. Let Y™ (a,a,a,a) be the section after v4. Let y(i,i+ 1)
be the section between v; and vy for i € {1,2,3,4}. Let eg; be the passage time over
Y (a,a,a,a). Let eys be the passage time over y" (a,a,a,a). Forie€ {1,2,3}and j=i+1,
denote by e;; the passage time over ¥(i, j). The value f(o(**%%)(w)) satisfies

f(c @) (@)) = p, where p = 4a+egi +ein + €23 +ezq + ess. (96)

YO3<bab7a>a)

']/OQ(b,CLb,Cl)

45

13(a7b7a,b)
Ys(b,a,a,b)

Let us denote by y(a,b,a,b) a geodesic on the environment 6(“*4?)(®). Let y13(a, b, a,b)
be the section of this geodesic between the edges vi and v3. There exists a real number
613(a,b,a,b) € (0,b— a) such that the following equality holds

T(Yl3(a7b7a7b)7d)) = e12+e23+a+613(a,b,a,b).

The outcome @ in the previous equation can be any element of €,. Let us denote by
y(b,a,a,b) a geodesic on the environment 6»*“*) (®). Let 135(b,a,a,b) be the section of
this geodesic after the edge v3. There exists a real number 635(b,a,a,b) € (0,b— a) such
that the following equality holds

T(}/35 (b,a,a,b), (I)) = e3+eyq5+a+ 035 (b,a,a,b).

The outcome @ in the previous equation can be any element of €,. Let us denote by
y(b,a,b,a) a geodesic on the environment ¢»*?) (). Let Y, (b,a, b, a) be the section of
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this geodesic before the edge v,. There exists a real number 63 (b, a,b,a) € (0,b — a) such
that the following equality holds
T(y2(b,a,b,a),®) = eo1+en+a+0p(b,a,b,a).

The outcome @ in the previous equation can be any element of Q,. Let us denote by
y(b,a,b,a) a geodesic on the environment ¢*429) (). Let y4(b,a,b,a) be the section
of this geodesic between the edges v, and v4. There exists a real number 6,4(b,a,b,a) €
(0,b — a) such that the following equality holds

T(Y24(b7a7b7a)7d)) = 623+€34+a+924(b,(17b,a)-

The outcome @ in the previous equation can be any element of Q,. Let us denote by
Y(b,b,a,a) a geodesic on the environment o(bbaa) (o). Let y3(b,b,a,a) be the section of
this geodesic before the edge v3. There exists a real number 6o3(b,b,a,a) € (0,b—a) such
that the following equality holds

T(Y3(b,b,a,a),®) = eo+e2+exs+2a+2603(b,b,a,a).

The outcome @ in the previous equation can be any element of Q,,. Let us summarize the
conclusions that we can make by analyzing (95). We obtained that there exist scalars

Gog(b,a,b,a),603(b,b,a,a),613(a,b,a,b),
024(b,a,b,a), and 635(b,a,a,b)

that all belong to the interval (0,5 — a) for which the following relations hold

f(6“ (@) = p+0i3(a,b,a,b)+655(b,a,a,b), 97)
(o bP (@) > a—b+ f(6“PP)(w)), (98)
f(ePeaP(w))y > a—b+ f(cP ) (w)), (99)
F(e®eb9) (@) = p+60(b,a,b,a)+ 6x(b,a,b,a), (100)
F(a®P4) (@) = p+2603(b,b,a,a). (101)

The following inequalities are derived by identifying appropriate segments and calculating
their passage times.

f(o-(a,a,avb)(w)) < p+6s5(b,a,a,b), (102)
f(o.(a,a,b,a) (0) < a-— bJrf(G(a,a,b,b)(w))’ (103)
f(6(07b7a-ﬂ)(w)) < p+6i3(a,b,a,b), (104)
(69 (@)) < p+6p(b,a,b,a). (105)

In a similar way we derive inequalities for the environment shifts that contain three opera-
tors of the type 6.

f(oc®Pe) (@) < p+2603(b,b,a,a)+ 655(b,a,a,b), (106)
(PP (@) < f(ePP) (@) 107)
Combining the equations and inequalities (96—107), we derive
dsf(@w) > a—b+6u(b,a,b,a)—035(b,a,a,b).

Recall that each of the constants 6 belongs to the interval [0,b — a]. Thus, under the
condition ¢(@4*?) (@) € E4, we have obtained that ds f (@) > —2(b —a).
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6.2. Analysis of the case (““??)(®) € E3. The Proposition 3 implies
£ (@) = (b—a) + F(o44) (@) (108)

Initially, we can make the following straightforward conclusions about the environment.

(w) € E/NEyNE3NEy;
G(b:baaﬂ)(a)) € ESNESNE;NEy;
cbeb9) (@) e ECNE,NES NEy;
@) () e E NESNESNEs;
oaab) () € EyNE;NES;
G(a,b,a.,b) ((0) € ENE; ﬂEf.

We will now prove that the previous equations imply one additional inclusion:
50448 (1) £

We know that ¢»%>9) (@) belongs to E€ NE, N E3NES and that 6>%%%) (®) belongs
to Ex NE;3 ﬂﬁf. Let us consider an arbitrary geodesic on the environment G(b*“’“’w(a)).
We know that it must pass through v,. The section before v, has the same passage time
as the corresponding section of each geodesic on G(b‘f“’bm(a)). Hence, each geodesic on
c0:44D) (@) must omit v;.

Hence, we have 6(»¢%) (@) ¢ Elc NE;NE3N Eff. The following relations are satisfied.

(w) € ENE;NE3NEg;
obbad) () e ESNES NEsNEy;
ot (@) e ECNE,NESNEy;
@b () e EyNESNESNEy;
o) e EfNEyNE;NES:
clabab)(m) € E NE; NES. (109)

Denote by y(a,a,a,a) the geodesic on the environment 6(“%%9) (). Let ¥y~ (a,a,a,a) be
the section of y(a,a,a,a) before vy. Let Y (a,a,a,a) be the section after v4. Let y(i,i+ 1)
be the section between v; and v;y; for i € {1,2,3,4}. Let eg; be the passage time over
Y (a,a,a,a). Let e45 be the passage time over ' (a,a,a,a). Fori € {1,2,3} and j=i+1,
denote by e;; the passage time over ¥(i, j). The value f(o(®%*%)(w)) satisfies

f(O'(”’“’“’”)(a))) = p, where p =4a+eg, +e12+ e +e3q+eys. (110)
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703(b7b7a>a)

e4s

’}/14(a,b,b,a) Y35(b7a7a,b)

Let us denote by y(a,b,b,a) a geodesic on the environment ¢(@*?9) (®). Let y14(a, b, b,a)
be the section of this geodesic between the edges v; and v4. There exists a real number
614(a,b,b,a) € (0,b— a) such that the following equality holds

T(,y14(a7b7baa);a~)) = epptens +e34+2a+2614(a,b,b,a).

The outcome @ in the previous equation can be any element of Q,. Let us denote by
y(b,a,a,b) a geodesic on the environment 6»““*) (®). Let y35(b, a,a,b) be the section of
this geodesic after the edge v3. There exists a real number 635(b,a,a,b) € (0,b— a) such
that the following equality holds

T(}/35 (b,a,a,b), (f)) = e3+eyq5+a+ 035 (b,a,a,b).

The outcome @ in the previous equation can be any element of Q,. Let us denote by
y(b,a,b,a) a geodesic on the environment ¢»“?%) (). Let Y, (b,a, b, a) be the section of
this geodesic before the edge v,. There exists a real number 62 (b,a,b,a) € (0,b—a) such
that the following equality holds

T(y2(b,a,b,a),®) = ep1+en+a+0p(b,a,b,a).

The outcome @ in the previous equation can be any element of €,. Let us denote by
y(b,a,b,a) a geodesic on the environment ¢(*4?%) (@). Let y4(b,a,b,a) be the section
of this geodesic between the edges v, and v4. There exists a real number 6,4 (b,a,b,a) €
(0,b — a) such that the following equality holds

T(}/24(b,a,b,a), (I)) = exyx+teyta+ 924(b,a,b,a).

The outcome @ in the previous equation can be any element of Q,. Let us denote by
y(b,b,a,a) a geodesic on the environment 6***) (). Let Y3 (b, b, a, a) be the section of
this geodesic before the edge v3. There exists a real number 63 (b, b,a,a) € (0,b—a) such
that the following equality holds

T(')/(B(b,b,a,a),(f)) = 601+€12+€23+2a+2903(b,b,a,a).

The outcome @ in the previous equation can be any element of Q,. Let us summarize the
conclusions that we can make by analyzing (109). We obtained that there exist scalars

Goz(b,a,b7a)7603(b,b,a7a)7914(a,b,b,a),
024(b,a,b,a), and 6s5(b,a,a,b)
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that all belong to the interval (0,5 — a) for which the following relations hold

f(o_(a,b,a,b) (0) > a—b+ f(G(a,b,b,b) (@), (111)
f(c\ PP (@) = p+2614(a,b,b,a), (112)
f(o.(b,a,a,b) (0) > a-— bJrf(c,<b,a,b,b)(a)))7 (113)
F(c®eba) (@) = p+ 60 (b,a,b,a)+ 6s(b,a,b,a), (114)
F(o®Pa9) (@) = p+2603(b,b,a,a). (115)

The following inequalities are derived by identifying appropriate segments and calculating
their passage times.

f(G(a,a “7”>(a))) < a—b—i—f(O'(a’a’b’b)(CO)), (116)
f(6 @2 (@) < p+6u(b,a,b,a), (117)
f(a\ @) (@) < p+2614(a,b,b,a), (118)
F(a®44) (@) < p+60(b,a,b,a). (119)

In a similar way we derive inequalities for the environment shifts that contain three opera-
tors of the type 6.

f(c(b.b,a,h) (CO))
f(e"PP4) (@)

< p+26p3(b,b,a,a)+ 635(b,a,a,b), (120)
< f(aPP (@), (121)
Combining the equations and inequalities (110-121), we derive

dsf(w) > a—b—6s5(b,a,a,b).
Recall that each of the constants 6 belongs to the interval [0,5 — a]. Thus, under the
condition 6(@4*?) (@) € E3, we have obtained that ds f (@) > —2(b —a).

6.3. Analysis of the case 6(****)(@) € ES. The Proposition 3 implies
f(e 4P (@) = f(a\ ") (@)). (122)
The following relations are satisfied.

a,a,a,a)

o'

(@) € EiNE;NEsNEs

obbad) (@) e ECNES NEsNE;;

cPaba) () e ESNE,NESNE;y;

clabba) (0) € E QEQC ) E3C,

clbaad) (@) e ECNE,NE;NES;

ol@bab) (@) e ENESNES. (123)

Denote by y(a,a,a,a) the geodesic on the environment 6(*““%) (®). Let ¥~ (a,a,a,a) be
the section of ¥(a,a,a,a) before vy. Let Y™ (a,a,a,a) be the section after v4. Let y(i,i+ 1)
be the section between v; and v;y; for i € {1,2,3,4}. Let eg; be the passage time over
Y~ (a,a,a,a). Let ey be the passage time over y" (a,a,a,a). Fori € {1,2,3} and j=i+1,
denote by e;; the passage time over ¥(i, j). The value f(c(@%*%)(w)) satisfies

f(O'(”’“’“’”)(a))) = p, where p =4a+eg, +e12+ e +e3q+eys. (124)
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703(b7b7a>a)

e4s

Y35(b7a7a,b)

?15(a3b7b7a)

?15((1,[7761,17)

Let us denote by (b, a,a,b) a geodesic on the environment 6> (®). Let y35(b,a,a,b)
be the section of this geodesic after the edge v3. There exists a real number 035(b,a,a,b) €
(0,b — a) such that the following equality holds

T(ys5(b,a,a,b),®) = e3s+ess+a+ 60s(b,a,a,b).

The outcome @ in the previous equation can be any element of ,. Let us denote by
y(b,a,b,a) a geodesic on the environment ¢»“) (). Let Y, (b, a, b, a) be the section of
this geodesic before the edge v,. There exists a real number 63 (b,a,b,a) € (0,0 —a) such
that the following equality holds

T(YUZ(b7a7b7a)7(D) = 601+612+a+902(b,a,b,a).

The outcome @ in the previous equation can be any element of Q,. Let us denote by
y(b,a,b,a) a geodesic on the environment 6(*4*%) (@). Let y4(b,a,b,a) be the section
of this geodesic between the edges v, and v4. There exists a real number 6,4(b,a,b,a) €
(0,b — a) such that the following equality holds

T(pa(b,a,b,a),®) = exn+eyata+ 0u(b,a,b,a).

The outcome @ in the previous equation can be any element of €,. Let us denote by
y(b,b,a,a) a geodesic on the environment 6**%%) (). Let y3(b,b,a, a) be the section of
this geodesic before the edge v3. There exists a real number 63 (b, b,a,a) € (0,b — a) such
that the following equality holds

T(’)/03(b,b,a,a),(b) = e01+e12+e23+2a—|—2603(b,b7a,a).

The outcome @ in the previous equation can be any element of ,. Let us denote by
9(a,b,a,b) a geodesic on the environment 6“**?) (@). Let §;5(a,b,a, b) be the section of
this geodesic after the edge v;. There exists a real number 6;5(a,b,a,b) € (0,b— a) such
that the following equality holds

T(f15(a,b,a,b),®) = e1n+ex3—+e3a+ess +3a+2é15(a,b,a,b).

The outcome @ in the previous equation can be any element of Q, that satisfies @3 = a.
Let us denote by (a,b,b,a) a geodesic on the environment 6(“*?9) (®). Let §;5(a, b, b,a)
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be the section of this geodesic after the edge v. There exists a real number 05 (a,b,b,a) €
(0,b — a) such that the following equality holds

T(is(a,b,b,a),®) = e1n+exs+esq—+ess+3a+205(a,b,b,a).
The outcome @ in the previous equation can be any element of Q, that satisfies @4 = a.
Let us summarize the conclusions that we can make by analyzing (123). We obtained that

there exist scalars

902(b7a7b7a)7 903(b7b7a7a)7 924(b7a7b7a)7
635(b,a,a,b),0;5(a,b,a,b), and 6;5(a,b,b,a)

that all belong to the interval (0,5 — a) for which the following relations hold

F(a @) (@) = p+265(a,b,a,b), (125)
f(c@Pb D (@) = p+26i5(a,b,b,a), (126)
fe®P(@) = a=b+f(c?") (@), (127)
F(aP4P) (@) = p+60(b,a,b,a)+ 6x(b,a,b,a), (128)
F(aPP49) (@) = p+2603(b,b,a,a). (129)

The following inequalities are derived by identifying appropriate segments and calculating
their passage times.

f(c(a,aﬂ.,b)(w)) < p +2é15(a,b7a,b), (130)
f(c@P (@) < p+6s(b,a,b,a), (131)
f(c“r*)(@)) < p+28i5(a,b,b,a), (132)
f(e®ea9) (@) < p+60(b,a,b,a). (133)

In a similar way we derive inequalities for the environment shifts that contain three opera-
tors of the type o”.

f(c(a.b,h,h) () < f(G(a,a:th) (w)), (134)
f(a®Pab) (@) < p+2603(b,b,a,a)+ 6s5(b,a,a,b), (135)
f(c(b,b,bﬁa) () < f(c(bﬁbﬁbvb) (o). (136)

Combining the equations and inequalities (124-136), we derive
dsf(w) > a—b—6s5(b,a,a,b).

Recall that each of the constants 6 belongs to the interval [0,56 — a]. Thus, under the
condition 6(@4?) (@) € ES, we have obtained that dsf (@) > —2(b — a).

6.4. Analysis of the case 6(““**) (@) € EC. The Proposition 3 implies

f(G(a,a,b,b) (w)) = f(G(b,a.,lub) ()). (137)
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The following relations are satisfied.

G(a,a-,a-,a)(w) € E\NE;NE3NEy;

obbaa) (w) € ESNESNE;NEy;

obeba) () e ECNE,NES;

o @Ph9) () e E NESNESNEy;

obaad) (@) e ESNENES;

) (@) e ENESNE;NES. (138)

Denote by ¥(a,a,a,a) the geodesic on the environment 6(@%“% (@). Let Y~ (a,a,a,a) be
the section of ¥(a,a,a,a) before vy. Let Y™ (a,a,a,a) be the section after v4. Let y(i,i+ 1)
be the section between v; and v;y; for i € {1,2,3,4}. Let ¢ be the passage time over
Y~ (a,a,a,a). Let ey be the passage time over y* (a,a,a,a). Fori € {1,2,3}and j=i+1,
denote by e;; the passage time over (i, j). The value f (o(@@aa) (@) satisfies

f(6\ %49 (@) = p, where p =4a+eo +en+ex+emtess. (139

?25(!7,617[1717)

103(b,b,a,a) Po5(b,a,b,a)

Y()z(b,d,b,(l)

ess

Vi V2 V3 V4

'}’14(@,[7,[?,61) /y35(a7b7a>b)

Let us denote by y(a,b,a,b) a geodesic on the environment 6(“*%?)(®). Let y35(a,b,a,b)
be the section of this geodesic after the edge v3. There exists a real number 63s(a,b,a,b) €
(0,b — a) such that the following equality holds

T(ps(a,b,a,b),®) = es+ess+a+03s5(a,b,a,b).

The outcome @ in the previous equation can be any element of ,. Let us denote by
yY(a,b,b,a) a geodesic on the environment ¢(“*?%) (@). Let y4(a,b,b,a) be the section
of this geodesic between the edges v; and v4. There exists a real number 04(a,b,b,a) €
(0,b — a) such that the following equality holds

T(y14(a,b,b,a),®) = ep+ex3+esa+2a+20i4(a,b,b,a).

The outcome @ in the previous equation can be any element of Q,. Let us denote by
y(b,a,b,a) a geodesic on the environment ¢»*) (). Let Y, (b,a, b, a) be the section of
this geodesic before the edge v,. There exists a real number 6y, (b, a,b,a) € (0,b—a) such
that the following equality holds

T('}’m(b,mb,a),(b) = egtenp+a+ Gog(b,a,b,a).
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The outcome @ in the previous equation can be any element of Q,. Let us denote by
¥(b,b,a,a) a geodesic on the environment o(bbaa) (). Let y3(b,b,a,a) be the section of
this geodesic before the edge v3. There exists a real number 63 (b,b,a,a) € (0,b—a) such
that the following equality holds

T(y03(b7b,a,a),(b) = 601+612+623+2a+2603(b,b,a,a>.

The outcome @ in the previous equation can be any element of €,. Let us denote by
(b, a,a,b) a geodesic on the environment 6 »*“*) (®). Let 9»5(b,a,a, b) be the section of
this geodesic after the edge v,. There exists a real number ézs(b,a,a,b) € (0,b —a) such
that the following equality holds

T(?25 (b,a,a7b)7 d)) = ex3tezqtess+2a+ é25 (b7a,a,b).
The outcome @ in the previous equation can be any element of Q,, that satisfies @ = a.
Let us denote by 9(b,a,b,a) a geodesic on the environment 6>4?9) (®). Let 55 (b, a,b,a)
be the section of this geodesic after the edge v,. There exists a real number 655(b,a,b,a) €
(0,b — a) such that the following equality holds

T(fos(b,a,b,a),®) = ex+eu+ess+2a+bs(b,ab,a)

The outcome @ in the previous equation can be any element of Q, that satisfies @4 = a.
Let us summarize the conclusions that we can make by analyzing (138). We obtained that
there exist scalars

902(b7a7b7a)7 603(b7b7a7a)7 914(a,b7b,a),
035(a,b,a,b),05(b,a,a,b), and ,5(b,a,b,a)
that all belong to the interval (0,5 — a) for which the following relations hold

f(6“P @) > a=b+f(c“PP(w)), (140)
f(6 PPN (@) = p+20u(ab,b,a), (141)
f(e®*D) (@) = p+ 60 (b,a,b,a)+ b5(b,a,a,b), (142)
f(c®*P9) (@) = p+60p(b,a,b,a)+ bs(b,a,b,a), (143)
f(cbbe) (@) = p+2603(b,b,a,a). (144)

The following inequalities are derived by identifying appropriate segments and calculating
their passage times.

f((-;(“ﬂ»aab)(a))) < p+ QZS(b,a,a,b), (145)
f(c@P (@) < p+6s5(b,a,b,a), (146)
F(c@Pe9 (@) < p+264(a,b,b,a), (147)
f(e®ea9) (@) < p+60(b,a,b,a). (148)

In a similar way we derive inequalities for the environment shifts that contain three opera-
tors of the type .

fo®atD(@)) < f(ol ) (@), (149)
f(o(b7”=“'b)(a))) < p+2903(b7b7a7a)+635(a,b,a,b), (150)
f(G(b,b,b,a)(w)) < f(c(b,b,b,b)(w))' (151)

Combining the equations and inequalities (139-151), we derive
dsf(w) > a—b+6n(b,a,b,a)—635(a,b,a,b).
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Recall that each of the constants 6 belongs to the interval [0,0 — a]. Thus, under the
condition 6(***?) (@) € EF, we have obtained that ds f (@) > —2(b — a).

6.5. Analysis of the case ¢(“?%?) (@) € E,. The Proposition 3 implies
f(c 04 (@) = (b—a) + f(c\*>*) (w)). (152)

The following relations are satisfied.

(@) € ENENEsNEs

cPred) (@) e ESNEsNEy;

cbeb9) (@) e ECNE,NES NEy;

cl@bba) (@) e ENESNE;;

obead)(p) e ECNENE;NES;

6@ () € ENENESNES. (153)

Denote by ¥(a,a,a,a) the geodesic on the environment 6(“%%% (@). Let ¥~ (a,a,a,a) be
the section of y(a,a,a,a) before vy. Let Y (a,a,a,a) be the section after v4. Let y(i,i+ 1)
be the section between v; and v;y; for i € {1,2,3,4}. Let eg; be the passage time over
Y (a,a,a,a). Let e4s be the passage time over ' (a,a,a,a). Fori € {1,2,3} and j=i+1,
denote by e;; the passage time over ¥(i, j). The value f(c(®%*%)(w)) satisfies

(69449 (@) = p, where p =4a+eo +e12+ex3+eutess.  (154)

?03(bab7a>a) yZS(aaa7b>b)

']/02(b,617b,a)

e4s

Y35(b7a7a,b)

Let us denote by y(a,a,b,b) a geodesic on the environment 6(“%*?)(®). Let y5(a,a,b,b)
be the section of this geodesic after the edge v,. There exists a real number 6;s(a,a,b,b) €
(0,5 — a) such that the following equality holds

T(yzs(avaabab)7d)) = €23 +6‘34+€45 +2a+2625(aaaab7b)'

The outcome @ in the previous equation can be any element of Q,. Let us denote by
Y(b,a,a,b) a geodesic on the environment o(baab) (). Let y35(b,a,a,b) be the section of
this geodesic after the edge v3. There exists a real number 635(b,a,a,b) € (0,b— a) such
that the following equality holds

T(ys5(b,a,a,b),®) = e3s+ess+a+ 0s(b,a,a,b).

The outcome @ in the previous equation can be any element of €,. Let us denote by
y(b,a,b,a) a geodesic on the environment ¢»“?) (). Let Y, (b, a, b, a) be the section of
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this geodesic before the edge v,. There exists a real number 63 (b, a,b,a) € (0,b — a) such
that the following equality holds
T(Y()z(b,d,b,(l),(b) = 601+€12+a+602(b,a,b,a).

The outcome @ in the previous equation can be any element of €,. Let us denote by
y(b,a,b,a) a geodesic on the environment ¢*4*9) (). Let 14(b,a,b,a) be the section
of this geodesic between the edges v, and v4. There exists a real number 6,4 (b,a,b,a) €
(0,b — a) such that the following equality holds

T(pa(b,a,b,a),®) = exn+ezata+0y(b,a,b,a).
The outcome @ in the previous equation can be any element of ,. Let us denote by
9(b,b,a,a) a geodesic on the environment 6**%%) (). Let §o3(b, b, a, a) be the section of
this geodesic before the edge v3. There exists a real number 8y3 (b, b,a,a) € (0,b —a) such
that the following equality holds
T(?03 (b,b,a, a), 5)) = eg1+en+exn+22a+ Zéog. (b, b,a,a).

The outcome @ in the previous equation can be any element of Q, that satisfies @; = b.
Let us summarize the conclusions that we can make by analyzing (153). We obtained that
there exist scalars

602(b7a7b7a)7 624(b7a7b7a)7 625(a7a7b7b)7
035(b.a,a,b), and By3(b,b,a,a)
that all belong to the interval (0,5 — a) for which the following relations hold

f(6 PN (@)) = p+26:s(aa,b,b), (155)
fe PPN (@) > a—b+ f(c“PPP (), (156)
f(c®*D) (@) = p+ 60 (b,a,b,a)+ 6s5(b,a,a,b), (157)
F(cbeb9) (@) p +602(b,a,b,a) + 6x4(b,a,b,a), (158)
f(c®b) (@) = p+2003(b,b,a,a). (159)

The following inequalities are derived by identifying appropriate segments and calculating
their passage times.

f(6@990) (@) < p+20y5(a.ab.b), (160
F(61909(0)) < p+6x(b.a.b.a), (e
f(E@ e (@) < a-b+ (6@ (@), (162)
f(aP4D (@) < p+60(b,a,b.a). (163)

In a similar way we derive inequalities for the environment shifts that contain three opera-
tors of the type .

f(c(b,a,b.,b) ((D)) < p+ 902([)’ a, b7a) + 26,5 (a7a7b,b), (164)
f(o(b7”=“'b)(a))) < p+2é03(b7b7a7a)—1—635(17761,61,17), (165)
f(c(b,b,b.,a) () < f(c(b.,hb,b) (o). (166)

Combining the equations and inequalities (154-166), we derive
asf((l)) > —2925(a,a,b,b).

Recall that each of the constants 6 belongs to the interval [0,b — a]. Thus, under the
condition ¢(@?%) (@) € E4, we have obtained that ds f (@) > —2(b —a).
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6.6. Analysis of the case 6(“**?) (@) € E{. The Proposition 3 implies

F(0@PaP) (@) = f(6 D (). (167
The following relations are satisfied.

G(a,a,a,a)

(w) € EINE;NE3NEy;

cPrad) (@) e ESNES NEsNE;;

b (@) e ESNE,NESNEs;

cl@bba)(p) e ENESNES;

obead)(p) e ECNENE;NES;

o(@abb) () € E mE3C m[fjf, (168)

Denote by ¥(a,a,a,a) the geodesic on the environment ¢(@%%% (). Let y~ (a,a,a,a) be
the section of ¥(a,a,a,a) before vy. Let Y™ (a,a,a,a) be the section after v4. Let y(i,i+ 1)
be the section between v; and v;y; for i € {1,2,3,4}. Let ep; be the passage time over
Y (a,a,a,a). Let e45 be the passage time over ' (a,a,a,a). Fori € {1,2,3} and j =i+1,
denote by e;; the passage time over ¥(i, j). The value f(o(@%*%)(®)) satisfies

f(G(a,a,a,a)(w)) = p, where p= da+ep) +e1p+er3+e3q+ess. (169)

’)/03(b7b7a7a)

b,a,b,a
o2 ) Y4 (b,a,b,a)

ess

Vi V2 V3 V4

7’35(b7a7a>b>

')715(61,b,b,(1)

Let us denote by ¥(b,a,a,b) a geodesic on the environment 6>44%) (). Let 135 (b,a,a, b)
be the section of this geodesic after the edge v3. There exists a real number 035(b,a,a,b) €
(0,b — a) such that the following equality holds

T(ys5(b,a,a,b),®) = e3s+ess+a+ 60s(b,a,a,b).

The outcome @ in the previous equation can be any element of Q,. Let us denote by
y(b,a,b,a) a geodesic on the environment ¢»“) (). Let Y, (b,a, b, a) be the section of
this geodesic before the edge v,. There exists a real number 62 (b,a,b,a) € (0,b—a) such
that the following equality holds

T(YOQ(b,CLb,Cl),(D) = 601+612+a+902(b7a7b,a).

The outcome @ in the previous equation can be any element of €,. Let us denote by
y(b,a,b,a) a geodesic on the environment ¢(*4?%)(@). Let y4(b,a,b,a) be the section
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of this geodesic between the edges v, and v4. There exists a real number 6,4(b,a,b,a) €
(0,b — a) such that the following equality holds
T(7/24(b,a,b,a), (I)) = ey3+teytat+ 624(b,a,b,a).

The outcome @ in the previous equation can be any element of €,. Let us denote by
y(b,b,a,a) a geodesic on the environment 6 »**% (®). Let 3 (b, b,a,a) be the section of
this geodesic before the edge v3. There exists a real number 63 (b,b,a,a) € (0,b—a) such
that the following equality holds

T(y3(b,b,a,a),®) = ep1+ern+e+2a+20p3(b,b,a,a).
The outcome @ in the previous equation can be any element of ,. Let us denote by
9(a,b,b,a) a geodesic on the environment 6“**) (). Let §15(a, b, b, a) be the section of
this geodesic after the edge v;. There exists a real number 6;5(a,b,b,a) € (0,b—a) such
that the following equality holds
T(f15(a,b,b,a),®) = en+ex+esutess+3a+ Zéls(a,b,b, a).

The outcome @ in the previous equation can be any element of Q, that satisfies @4 = a.
Let us summarize the conclusions that we can make by analyzing (168). We obtained that
there exist scalars

602(b7a7b7a)7 603(b7b7a7a)7 624(b7a7b7a)7
035(b.a,a,b), and by5(a,b,b,a)
that all belong to the interval (0,5 — a) for which the following relations hold

f(@ PN @) > a—b+ f(aP PP (w)), (170)
f(c @bt D (@) = p+26is(a,b,b,a), (171)
f(c®*D) (@) = p+ 60 (b,a,b,a)+ 6s5(b,a,a,b), (172)
F(e®*P9) (@) = p+60p(b,a,b,a)+ 6:(b,a,b,a), (173)
f(cb¢9) (@) = p+2603(b,b,a,a). (174)

The following inequalities are derived by identifying appropriate segments and calculating
their passage times.

f(c@) (@) < p+6s5(b,a,a,b), (175)
F(c@P) (@) < p+6(b,a,b,a), (176)
f(c@Pe9(@)) < p+265(a,b,b,a), 177)
f(e®ea®) (@) < p+60(b,a,b,a). (178)

In a similar way we derive inequalities for the environment shifts that contain three opera-
tors of the type .

f(c(a,b,b,b)(w)) < f(c(a~b=a,b)(w)), (179)
f(o(b7”=“'b)(a))) < p+2903(b7b7a7a)—1—635(17761,61,17), (180)
f(c(b,b,b,a)(w)) < f(c(b,b.b,b)(w)). (181)

Combining the equations and inequalities (169-181), we derive
dsf(w) > a—b+6n(b,a,b,a)—635(b,a,a,b).

Recall that each of the constants 6 belongs to the interval [0,b — a]. Thus, under the
condition ¢(“?%) (@) € ES, we have obtained that dsf(®) > —2(b — a).
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6.7. Analysis of the case (“?%?)(®) € E,. The Proposition 3 implies
f(e PPN (@) = (b—a)+ f(a! "D (@)). (182)

Initially, we can make the following straightforward conclusions about the environment.

(w) € E/NEyNE3NEy;
obbea) (@) e ECNESNE;NEs;
claba) (@) e ECNE,NESNEs;
c@bba) (@) e E NESNESNE;
ocbaad) (@) € E,nEsnES;
G(a,a,b.,b) ((0) € ENE ﬂEf.

We will now prove that the previous equations imply one additional inclusion:
50448 () £

We know that ¢(»%>9) (@) belongs to E€ NE, N E3NES and that 6(*%%b)(®) belongs
to Ex N E;3 ﬂﬁf. Let us consider an arbitrary geodesic on the environment G(b*“’“’w(a)).
We know that it must pass through v,. The section before v, has the same passage time
as the corresponding section of each geodesic on G(b‘f“’bm(a)). Hence, each geodesic on
c0:44D) (@) must omit v;.

Hence, we have 6(»¢%) (@) € Elc NE;NE3N Eff. The following relations are satisfied.

(w) € E/NE;NE3NEg;
otbad) () e ESNES NEsNE;y;
ot (@) e ECNE,NESNEy;
@b () e EynESNESNEy;
cbeal(@) e ECNE;NEsNES:
c@abb) (@) € E NE, NES. (183)

Denote by y(a,a,a,a) the geodesic on the environment 6(“%%) (). Let y~ (a,a,a,a) be
the section of y(a,a,a,a) before vy. Let Y (a,a,a,a) be the section after v4. Let y(i,i+ 1)
be the section between v; and v;y; for i € {1,2,3,4}. Let eg; be the passage time over
Y (a,a,a,a). Let e4s be the passage time over ' (a,a,a,a). Fori € {1,2,3} and j=i+1,
denote by e;; the passage time over ¥(i, j). The value f(c(®%*%)(w)) satisfies

f(O'(”’“’“’”)(a))) = p, where p =4a+eg +e12+ e +e3q+eys. (184)
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703(b7b7a>a) ')725(07617b,b)

’}/14(a,b,b,a) Y35(b7a7a,b)

Let us denote by ¥(a, b, b,a) a geodesic on the environment 6(@>29) (). Let y14(a, b, b, a)
be the section of this geodesic between the edges v; and v4. There exists a real number
014(a,b,b,a) € (0,b— a) such that the following equality holds

T(114(a,b,b,a),®) = ep+exs+esa+2a+20i4(a,b,b,a).

The outcome @ in the previous equation can be any element of Q,. Let us denote by
y(b,a,a,b) a geodesic on the environment ¢»““?) (). Let y35(b,a,a, b) be the section of
this geodesic after the edge v3. There exists a real number 65(b,a,a,b) € (0,b — a) such
that the following equality holds

T(Y35(b,a,a,b), (I)) = e3+eyq5+a+ 035 (b,a,a,b).

The outcome @ in the previous equation can be any element of Q,. Let us denote by
Y(b,a,b,a) a geodesic on the environment o(baba) (o). Let y2(b,a,b,a) be the section of
this geodesic before the edge v,. There exists a real number 6y (b, a,b,a) € (0,b—a) such
that the following equality holds

T(’}’m(b,a,b,a),(b) = egtenp+a+ ng(b,a,b,a).

The outcome @ in the previous equation can be any element of Q,. Let us denote by
y(b,a,b,a) a geodesic on the environment ¢(*4?%)(@). Let y4(b,a,b,a) be the section
of this geodesic between the edges v, and v4. There exists a real number 6,4 (b,a,b,a) €
(0,b — a) such that the following equality holds

T(y4(b,a,b,a),®) = exp+eu+a+6u(b,ab,a).

The outcome @ in the previous equation can be any element of Q,. Let us denote by
y(b,b,a,a) a geodesic on the environment ¢ »**) (®). Let Y3 (b, b,a,a) be the section of
this geodesic before the edge v3. There exists a real number 6o3(b,b,a,a) € (0,b—a) such
that the following equality holds

T(’)/03(b,b,a,a),(f)) = 601+€12+€23+2a+29()3(b,b,a,a).

The outcome @ in the previous equation can be any element of €,. Let us denote by
(a,a,b,b) a geodesic on the environment 6(*“**) (®). Let 9»5(a, a, b, b) be the section of
this geodesic after the edge v,. There exists a real number 6,5(a,a,b,b) € (0,b—a) such
that the following equality holds

T(Ps(a,a,b,b),®) = ex3+e3a+ess +2a+2@25(a,a,b,b).
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The outcome @ in the previous equation can be any element of Q, that satisfies @3 = b.
Let us summarize the conclusions that we can make by analyzing (183). We obtained that
there exist scalars

902(b7a7b7a)7 603(b7b7a7a)7 914(a,b7b,a),
6>4(b,a,b,a),035(b,a,a,b), and bys(a,a,b,b)
that all belong to the interval (0,5 — a) for which the following relations hold

f(6“ PN @)) = a=b+ f(c“PPD (@), (185)
f(e PP (@) = p+20u(ab,b,a), (186)
f(c®*D) (@) = p+ 60 (b,a,b,a)+ 6s5(b,a,a,b), (187)
f(c®*P9) (@) = p+ 60 (b,a,b,a)+ 6:4(b,a,b,a), (188)
f(e®be) (@) = p+2603(b,b,a,a). (189)

The following inequalities are derived by identifying appropriate segments and calculating
their passage times.

f(o.(a,a,a,b) (0) < a-— b+f(o-(a,b,a,b)(w))7 (190)
f(o@@b @) (@) < p+6u(b,a,b,a), (191)
F(a\ @) (@) < p+2614(a,b,b,a), (192)
F(a®@4) (@) < p+60(b,a,b,a). (193)

In a similar way we derive inequalities for the environment shifts that contain three opera-
tors of the type 6.

f(G(b,a,h,b)(w)) S p+902(b7a’b’a)—~—2925(a7a7b,b), (194)
f(cPbaP) (@) < p+2603(b,b,a,a)+ 635(b,a,a,b), (195)
f(c(b,b,b,a) () < f(c(b~b=b,b) (o). (196)

Combining the equations and inequalities (184—196), we derive
dsf(®) > —26,5(a,a,b,b).

Recall that each of the constants 6 belongs to the interval [0,6 —a]. Thus, under the
condition 6(@?%) (@) € E,, we have obtained that ds f (@) > —2(b — a).

6.8. Analysis of the case 6(“**?)(w) € E€. The Proposition 3 implies
f(e e (@) = f(a"04P (@)). (197)

Initially, we can make the following straightforward conclusions about the environment.

G(a,a,a,a)(w) € EINE;NE3;NEy;
o(bbaa) ((0) c EICQEZCQE3;
cPaba) () e ECNE,NESNE;;
cl@bba) (@) € EyNESNESNEy;
olbeab) (@) e ECNE;NES;

G(a,a,b,b) (0) € ENE,NESNES.

We will now prove that the previous equations imply one additional inclusion:
G040 () € Ey.
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We know that 64449 (@) belongs to Ey N E, NE3 N E4 and that 6(*?%9) (@) belongs
to E]C QEZC N Es. Let us consider an arbitrary geodesic on the environment ¢»?%%) (@),
We know that it must pass through v3. The section after v3 has the same passage time
as the corresponding section of each geodesic on G(“'“*“*”>(w). Hence, each geodesic on
o(b-0:44) () must pass through v;.

Hence, we have o(»44) (w) € EIC ﬁEZC N E3NEy4. The following relations are satisfied.

G(ll,aﬂﬂ)(a)) € E\NE,NE3zNEy;

obbad) () e ECNESNEsNE;;

cbeb9) (@) e ECNE,NES NEy;

@b (p) e E NESNESNEs;

obaab) () e ECNE;NES;

cl@abd) () € ENE;NESNES. (198)

Denote by y(a,a,a,a) the geodesic on the environment 6(*“*% (®). Let ¥~ (a,a,a,a) be
the section of ¥(a,a,a,a) before vy. Let Y™ (a,a,a,a) be the section after v4. Let y(i,i+ 1)
be the section between v; and v;y; for i € {1,2,3,4}. Let ¢ be the passage time over
Y~ (a,a,a,a). Let ey be the passage time over y* (a,a,a,a). Fori € {1,2,3} and j=i+1,
denote by e;; the passage time over ¥(i, j). The value f(o(@%*%)(w)) satisfies

f(O'(”’”’“’”)(a))) = p, where p =4a+ep; +e12 + €23+ €34+ ess. (199)

?03(b7a7aab)

V25 (a7a7 b7b)

W2(b,a,b,a)
’Y24(b7aab7a)

€01 €45

141 V2 V3 V4

’y35(b7a7a7b)

Let us denote by ¥(a,a,b,b) a geodesic on the environment 6“4*%) (). Let 15(a,a, b, b)
be the section of this geodesic after the edge v,. There exists a real number 6;s(a,a,b,b) €
(0,b — a) such that the following equality holds

T()%(a,a,b,b),(b) = e3+e3q+eys +2a—|—2625(a,a,b,b).

The outcome @ in the previous equation can be any element of ,. Let us denote by
y(b,a,a,b) a geodesic on the environment »“*?) (). Let y35(b,a,a, b) be the section of
this geodesic after the edge v3. There exists a real number 6s5(b,a,a,b) € (0,b — a) such
that the following equality holds

T(ys5(b,a,a,b),®) = e3s+ess+a+ 60s(b,a,a,b).
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The outcome @ in the previous equation can be any element of Q,. Let us denote by
Y(b,a,b,a) a geodesic on the environment o(baba) (o). Let y2(b,a,b,a) be the section of
this geodesic before the edge v,. There exists a real number 6y, (b,a,b,a) € (0,b—a) such
that the following equality holds

T(’YOZ(b7a7b7a)7d)) = e01+612+a+602(b,a,b,a).

The outcome @ in the previous equation can be any element of €,. Let us denote by
y(b,a,b,a) a geodesic on the environment ¢(*4?%) (@). Let y4(b,a,b,a) be the section
of this geodesic between the edges v, and v4. There exists a real number 6,4 (b,a,b,a) €
(0,b — a) such that the following equality holds

T(y4(b,a,b,a),®) = exn+eza+a+6u(b,a,b,a).

The outcome @ in the previous equation can be any element of Q,. Let us denote by
¥(b,b,a,a) a geodesic on the environment o(bbaa) (w). Let y3(b,b,a,a) be the section of
this geodesic before the edge v3. There exists a real number 63 (b,b,a,a) € (0,b—a) such
that the following equality holds

T(,YO:S(bvb»aaa);d)) = 6()1+€12+€23+2a+2603(b,b,a,a)-

The outcome @ in the previous equation can be any element of Q,. Let us denote by
9(b,a,a,b) a geodesic on the environment »““?) (). Let §o3(b,a,a, b) be the section of
this geodesic before the edge v3. There exists a real number 8y3(b,a,a,b) € (0,b—a) such
that the following equality holds

T()?o3(b,a,a,b),cb) = 601—|—€12—|—€23—|—2a—|—éo3(b,a,a,b).

The outcome @ in the previous equation can be any element of Q, that satisfies @ = a.
Let us summarize the conclusions that we can make by analyzing (198). We obtained that
there exist scalars

902(b7a7b7a)7903(b7b7a7a)7624(baa7b7a)>
6s(a,a,b,b),035(b,a,a,b), and b3 (b,a,a,b)

that all belong to the interval (0,5 — a) for which the following relations hold

F(a PP (@) = p+265(a,a,b,b), (200)
PGP (@) > a—bt F(6H0D) (@), (201)
f(o(byaﬂ b) (w)) = p+ [ (b,a,a,b)+ 035(b,a,a,b), (202)
F(c®aba) () = p+ 0y (b,a,b,a)+ 6u(b,a,b,a), (203)
F(6®P4D (@) = p+2603(b,b,a,a). (204)

The following inequalities are derived by identifying appropriate segments and calculating
their passage times.

f(c@aab)(@)) < p+635(b,a,a,b), (205)
(@b (@)) < p+6x(ba,b,a), (206)
(6P (w)) < p+2603(b,b,a,a), (207)
f(c@) (@) < p+ 60 (b,a,b,a). (208)
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In a similar way we derive inequalities for the environment shifts that contain three opera-
tors of the type .

f(o(bﬂ,b.b) ((D)) < p+ 602(ba a, bva) + 26,5 (a,a,b,b), (209)
f(G(b,b,a,b) () < f(c(a,b.,a,b) (w)), (210)
f(c(b,b,b,a) () < f(G(b,b,b,b) (0)). (211)

Combining the equations and inequalities (199-211), we derive
dsf(@) > a—b—0p(b,a,b,a)+by(b,a,a,b).
Recall that each of the constants 6 belongs to the interval [0,5 — a]. Thus, under the
condition ¢(**%) (@) € EE, we have obtained that ds f (@) > —2(b — a).
6.9. Analysis of the case 6("*%?) (@) € E. The Proposition 3 implies
f(c(b.a,a,h)(w)) _ f(G(h,b,a.b)(w)). 212)
Initially, we can make the following straightforward conclusions about the environment.

6@ (@) € EjNEyNEsNEs;

ocbbad) (@) ¢ ECNESNEs;
o(baba) (0) € Ef NE,N Ef NEy;
cl@bba) (@) e E NESNESNEs;
c@rad) () e ESNE;NES,
ocl@ebb)(p) € EynE;NESNES.

We will now prove that the previous equations imply one additional inclusion:
obb49) (@) € Ey.

We know that G(“*W’”)(a)) belongs to E1 NE, N E3NE, and that G(b’b*“ﬂ)(a)) belongs
to Ef DEZC N Es. Let us consider an arbitrary geodesic on the environment ¢(*? 7“7“)(0)).
We know that it must pass through v3. The section after v3 has the same passage time
as the corresponding section of each geodesic on G(“v“"““)(a)). Hence, each geodesic on
cP:0:49) (@) must pass through v,.

Hence, we have 64449 (@) € E€ NES N E3 NE;. The following relations are satisfied.

G(a,a,aﬂ)(w) € EINE;NE3NEy;

obhea) (@) e ECNESNE;NE;s;

obaba) (@) e ECNE,NESNEs;

@b (@) € EyNESNESNEy;

cl@bad) () e ESNE;NES;

ol @abb) (@) € ENENESNES. 213)

Denote by ¥(a,a,a,a) the geodesic on the environment 6(@%“% (@). Let ¥~ (a,a,a,a) be
the section of ¥(a,a,a,a) before vy. Let Y™ (a,a,a,a) be the section after v4. Let y(i,i+ 1)
be the section between v; and v;y) for i € {1,2,3,4}. Let ¢ be the passage time over
Y~ (a,a,a,a). Let ey be the passage time over y" (a,a,a,a). Fori€ {1,2,3}and j=i+1,
denote by e;; the passage time over (i, j). The value f (c(@@aa) (@) satisfies

f(O'(”’“’“’”)(a))) = p, where p =4a+eg +e12+ e +e3q+eys. (214)
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7’03(177[776%61) /y25(a7a7b>b)

’}/14(a,b,b,a) Y35(a7b7a,b)

Let us denote by y(a,a,b,b) a geodesic on the environment olaabb) (). Let y»5(a,a,b,b)
be the section of this geodesic after the edge v,. There exists a real number 65(a,a,b,b) €
(0,b — a) such that the following equality holds

T(yzs(avaabab)yd)) = €23 +€34+€45 +2a+2625(aaaab7b)'

The outcome @ in the previous equation can be any element of Q,. Let us denote by
Y(a,b,a,b) a geodesic on the environment olabab) (). Let y35(a, b, a,b) be the section of
this geodesic after the edge v3. There exists a real number 6s5(a,b,a,b) € (0,b —a) such
that the following equality holds

T(ps(a,b,a,b),®) = e+ess+a+6s(a,b,a,b).

The outcome @ in the previous equation can be any element of €,. Let us denote by
y(a,b,b,a) a geodesic on the environment ¢(“*?%) (@). Let y4(a,b,b,a) be the section
of this geodesic between the edges v; and v4. There exists a real number 0y4(a,b,b,a) €
(0,b — a) such that the following equality holds

T(’)/14(Cl,b,b,a), (Z)) = eppteytey+22a+ 2914((1,]9,19761).

The outcome @ in the previous equation can be any element of €,. Let us denote by
y(b,a,b,a) a geodesic on the environment ¢»“) (). Let Y, (b,a, b, a) be the section of
this geodesic before the edge v,. There exists a real number 63 (b,a,b,a) € (0,0 —a) such
that the following equality holds

T(Yoz(b,a7b,a),d)) = 601+612+a+602(b7a7b,a).

The outcome @ in the previous equation can be any element of €,. Let us denote by
y(b,a,b,a) a geodesic on the environment 64?9 (@). Let y4(b,a,b,a) be the section
of this geodesic between the edges v, and v4. There exists a real number 6,4 (b,a,b,a) €
(0,b — a) such that the following equality holds

T(ya(b,a,b,a),®) = exn+eza+a+ 6u(b,a,b,a).

The outcome @ in the previous equation can be any element of €,. Let us denote by
y(b,b,a,a) a geodesic on the environment 6 »**% (®). Let Y3 (b, b,a,a) be the section of
this geodesic before the edge v3. There exists a real number 63 (b,b,a,a) € (0,b—a) such
that the following equality holds

T(')/03 (b,b,a, a), (Z))

eo1 +e12+ex3+ 2a+2903(b,b,a,a).
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The outcome @ in the previous equation can be any element of Q,,. Let us summarize the
conclusions that we can make by analyzing (213). We obtained that there exist scalars

902(b7a7b7a)7 903(b7b7a7a)7 614(a7b7b7a)7
024(b,a,b,a),0,5(a,a,b,b), and 6s5(a,b,a,b)
that all belong to the interval (0,5 — a) for which the following relations hold

f(c@bb) (@) P +2655(a,a,b,b), 15)
f( PP (@) > a—b+ f(c“PPP (), (216)
F(a@PP) (@) = p+2614(a,b,b,a), (217)
f(aPeb9 (@) = p+60(b,a,b,a)+ 6x(b,a,b,a), (218)
F(e®Paq(@))y = p+2603(b,b,a,a). (219)

The following inequalities are derived by identifying appropriate segments and calculating
their passage times.

f(c@eab)(@)) < p+635(ab,a,b), (220)
(@b (@)) < p+6xu(b,a,b,a), (221)
(6P (0)) < p+2614(a,b,b,a), (222)
f(c®449) (@) < p+2603(b,b,a,a). (223)

In a similar way we derive inequalities for the environment shifts that contain three opera-
tors of the type 6.

f(c(b,a,bﬁb)(w)) < p 4+ 902(b,6l,b7a) +2625 (ma,b,b), (224)
f(G(b’b’a'b) () < f(c(b,a.a,b) (w)), (225)
f(c(b,b,b.,a) () < f(a(b-,b-,byb) (o). (226)

Combining the equations and inequalities (214-226), we derive
dsf(w) > a—b—6s5(a,b,a,b).

Recall that each of the constants 6 belongs to the interval [0,0 — a]. Thus, under the
condition ¢(»¢%) (@) € ES, we have obtained that dsf (@) > —2(b — a).

6.10. Analysis of the case ¢(*>%%) (@) € E;. The Proposition 3 implies
f(G(h,u,a,b)(w)) ( )+f( (a,a,a,b) (CO)) 227)

The following relations are satisfied.

c)'(”‘“’“’“)(a)) € E\NENE3NEy;

obbaa) (@) e ECNESNE;NEs;

cbabd) (@) e ECNE,NESNEs:

@b () € E NESNESNEs;

ocl@bab) (@) e ENEsnES;

G(a,a,b.,b) (a)) € ENE ﬂE4C. (228)

Denote by ¥(a,a,a,a) the geodesic on the environment 6(@%%% (@). Let Y~ (a,a,a,a) be
the section of ¥(a,a,a,a) before vy. Let Y™ (a,a,a,a) be the section after v4. Let y(i,i+ 1)
be the section between v; and v;y; for i € {1,2,3,4}. Let ¢ be the passage time over
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Y~ (a,a,a,a). Let eqs be the passage time over y" (a,a,a,a). Fori€ {1,2,3}and j=i+1,
denote by ¢;; the passage time over ¥(i, j). The value f(o(*4%%)(w)) satisfies

f(6 @9 (@)) = p, where p =4a+eor +e12+ex +exteus. (229)
103 (b,b,a,a) Pos(a,a,b,b)

y02(b7a7b7a)

ess

Vi V2 V3 V4

'}’14(@,[7,[?,61) /y35(aab7a>b)

Let us denote by y(a,b,a,b) a geodesic on the environment c(@bab) (@), Let y35(a,b,a,b)
be the section of this geodesic after the edge v3. There exists a real number 035(a,b,a,b) €
(0,b — a) such that the following equality holds

T(}’35 (a,b,a,b), Cb) = e3+eyq5+a+ 035 (a,b,a,b).

The outcome @ in the previous equation can be any element of ,. Let us denote by
y(a,b,b,a) a geodesic on the environment ¢(“*?%)(@). Let y4(a,b,b,a) be the section
of this geodesic between the edges v; and v4. There exists a real number 04(a,b,b,a) €
(0,5 — a) such that the following equality holds

T(y14(a,b,b,a),®) = ep+ex+ez+2a+20i4(a,b,b,a).

The outcome @ in the previous equation can be any element of Q,. Let us denote by
Y(b,a,b,a) a geodesic on the environment cbaba) (@), Let Y (b, a, b,a) be the section of
this geodesic before the edge v,. There exists a real number 6, (b,a,b,a) € (0,b—a) such
that the following equality holds

T(’YOZ(b7a7b7a)7d)) = 6’01+€12+a+902(b707b,a)-

The outcome @ in the previous equation can be any element of Q,. Let us denote by
y(b,a,b,a) a geodesic on the environment 6(*4?%) (@). Let y4(b,a,b,a) be the section
of this geodesic between the edges v, and v4. There exists a real number 6,4 (b,a,b,a) €
(0,5 — a) such that the following equality holds

T(y4(b,a,b,a),®) = exn+eza+a+6u(b,a,b,a).

The outcome @ in the previous equation can be any element of Q,. Let us denote by
¥(b,b,a,a) a geodesic on the environment o(bbaa) (). Let y3(b,b,a,a) be the section of
this geodesic before the edge v3. There exists a real number 63 (b,b,a,a) € (0,b—a) such
that the following equality holds

T(y3(b,b,a,a),®) = eo1+en+en+2a+20p3(b,b,a,a).

The outcome @ in the previous equation can be any element of €,. Let us denote by
9(a,a,b,b) a geodesic on the environment 6““?*) (@). Let §»5(a,a, b, b) be the section of
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this geodesic after the edge v,. There exists a real number 655(a,a,b,b) € (0,b — a) such
that the following equality holds

T($s(a,a,b,b),®) = ex+e3q+ess+2a+26x5(a,a,b,b).
The outcome @ in the previous equation can be any element of Q, that satisfies @z = b.
Let us summarize the conclusions that we can make by analyzing (228). We obtained that

there exist scalars

602(17761,17,61),603(1?,17,61,61),914(61,17717,61),
6>4(b,a,b,a),035(a,b,a,b), and bys(a,a,b,b)

that all belong to the interval (0,5 — a) for which the following relations hold

f(0 PP (@) = p+28ys(a,a,b,b), (230)
f( PP (@) > a—b+f(c“PPP (), (231)
f(c@PbD (@) = p+261(a,b,b,a), (232)
f(cPebD (@) = p+60(b,a,b,a)+ 6x(b,a,b,a), (233)
F(e®Paq (@) = p+2603(b,b,a,a). (234)

The following inequalities are derived by identifying appropriate segments and calculating
their passage times.

f(e P (@) < a—b+f(a ) (), (235)
f(6 P (@) < p+6u(b,a,b,a), (236)
f(c\ P4 (@) < p+2614(a,b,b,a), (237)
f(cb@9) (@) < p+60p(b,a,b,a). (238)

In a similar way we derive inequalities for the environment shifts that contain three opera-
tors of the type 6.

f(o_(b,a,b.,b) ((D)) < p+ 902([7’ a, b’a) + 2925 (a7a7b,b), (239)
f(a®Pab) (@) < p+2603(b,b,a,a)+ 6s5(a,b,a,b), (240)
f(G(bJ;,b.a) () < f(c,(b.,hb,b) (o). (241)

Combining the equations and inequalities (229-241), we derive
osf(®w) > —060(b,a,b,a)— 6s(a,b,a,b).

Recall that each of the constants 6 belongs to the interval [0,5 — a]. Thus, under the
condition ¢(»4%) (@) € E|, we have obtained that ds f(®) > —2(b —a).

6.11. Analysis of the case ¢(“*"9) () € E,. The Proposition 3 implies

f(o.(a,b,b,a) () = (b—a) Jrf(c(a,a,b.a)(w)). (242)
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Initially, we can make the following straightforward conclusions about the environment.

ola:0aa) (g) EiNE,NE3NEys;
obbad) (@) e ECNESNEsNE;s;
obebd) () e EynESNE;;
o(baab) ((!)) c Elc NE,NE; QEE;
G(a,h,a,h) (0)) e E ﬂEQC NE; mEAf;
c@ebd) (@) € ENENES.

We will now prove that the previous equations imply one additional inclusion:
cPeba) (@) e ES.

We know that ¢(»%%b) (@) belongs to ES NE, NE3NES and that 6(>%*9)(w) belongs
to E> OE3C N E4. Let us consider an arbitrary geodesic on the environment G(bf“’b’“)(a)).
We know that it must pass through v,. The section before v, has the same passage time
as the corresponding section of each geodesic on G(b=“’“7b>(w). Hence, each geodesic on
o049 (@) must omit v;.

Hence, we have 644?49 (@) € E€ N E, N ES NE;. The following relations are satisfied.

(w) € E\NE;NE3NEy;
o(b:baa) (w) € Elc ﬁEAg NE3NEy;
obaba) (@) e ECNE,NESNEs;
obaad) (@) e ECNENEsNES;
ocl@bab)(w) e ENESNE;NES;
c@abd) (@) € B NENES. (243)

Denote by y(a,a,a,a) the geodesic on the environment G(““*“?“)((o). Let v (a,a,a,a) be
the section of y(a,a,a,a) before v;. Let Y™ (a,a,a,a) be the section after v4. Let y(i,i+ 1)
be the section between v; and v;y for i € {1,2,3,4}. Let ¢ be the passage time over
Y~ (a,a,a,a). Let eys be the passage time over y" (a,a,a,a). Fori€ {1,2,3}and j=i+1,
denote by ¢;; the passage time over ¥(i, j). The value f(o(**%%)(w)) satisfies

f(6“99(@)) = p, where p =4a+eoi +e12+ex+ex+ess. (244)
103 (b,b,a,a) Pos(a,a,b,b)

l3(a7b7a7b)
}/35(b,a7a,b)
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Let us denote by ¥(a, b,a,b) a geodesic on the environment 6(“>4%) (). Let y13(a, b, a, b)
be the section of this geodesic between the edges v; and v3. There exists a real number
613(a,b,a,b) € (0,b— a) such that the following equality holds

T(Yl3(a7b7a7b)7d)) = e12+e23+a+613(a7b7a7b)'

The outcome @ in the previous equation can be any element of Q,. Let us denote by
y(b,a,a,b) a geodesic on the environment 6»*“*) (®). Let 135(b,a,a,b) be the section of
this geodesic after the edge v3. There exists a real number 635(b,a,a,b) € (0,b— a) such
that the following equality holds

T(}/35 (b,a,a,b), (I)) = e3+e45+a+ 035 (b,a,a,b).

The outcome @ in the previous equation can be any element of ,. Let us denote by
y(b,a,b,a) a geodesic on the environment ¢»“*) (). Let Y, (b,a, b, a) be the section of
this geodesic before the edge v,. There exists a real number 63 (b, a,b,a) € (0,0 —a) such
that the following equality holds

T(y2(b,a,b,a),®) = eo1+en+a+0p(b,a,b,a).

The outcome @ in the previous equation can be any element of ,. Let us denote by
y(b,a,b,a) a geodesic on the environment 6(*4?%) (@). Let y4(b,a,b,a) be the section
of this geodesic between the edges v, and v4. There exists a real number 6,4 (b,a,b,a) €
(0,b — a) such that the following equality holds

T(p4(b,a,b,a),®) = exn+eyata+0u(b,a,b,a).

The outcome @ in the previous equation can be any element of Q,. Let us denote by
y(b,b,a,a) a geodesic on the environment 6**%) (). Let Y3 (b, b, a, a) be the section of
this geodesic before the edge v3. There exists a real number 6o3(b,b,a,a) € (0,b—a) such
that the following equality holds

T(’)/(B(b,b,a,a),(f)) = 601+€12+€23+2a+2903(b,b,a,a).

The outcome @ in the previous equation can be any element of Q,. Let us denote by
Y(a,a,b,b) a geodesic on the environment olaabb) (o). Let fr5(a,a,b,b) be the section of
this geodesic after the edge v,. There exists a real number 6,5 (a,a,b,b) € (0,b—a) such
that the following equality holds

T(Ps5(a,a,b,b),®) = exn+ess+ess+2a+ 2@25(0, a,b,b).

The outcome @ in the previous equation can be any element of Q, that satisfies @4 = b.
Let us summarize the conclusions that we can make by analyzing (243). We obtained that
there exist scalars

902(b7a7b7a)7 603(b7b7a7a)7 913(Cl7b7d,b),
024(b,a,b,a),635(b,a,a,b), and s(a,a,b,b)
that all belong to the interval (0,5 — a) for which the following relations hold

f(o(a,a,b,b) () > a-— b_|_f(6(a,b,b,b)(w))’ (245)
f((;(u,b%b) (w)) = p+063(a,b,a,b)+ 6s5(b,a,a,b), (246)
f(o_(b,a,a,b) (w)) = p+06p(b,a,b,a)+ 6ss5(b,a,a,b), (247)
F(a®eb) (@) p + 602(b,a,b,a) + 64(b,a,b,a), (248)
F(aPP4) (@) = p+2603(b,b,a,a). (249)
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The following inequalities are derived by identifying appropriate segments and calculating
their passage times.

f(6 @) (@) < p+635(b,a,a,b), (250)
f(@ P (@) < a—b+f(0 PP (w)), (251)
f(c@bad(@))y < p+613(a,b,a,b), (252)
f(e®ead(@))y < p+6p(b,a,b,a). (253)

In a similar way we derive inequalities for the environment shifts that contain three opera-
tors of the type o”.

f(o_(b,a,b.,h) ((1))) < p+ 602([7’ a, b’a) + 2@25 (a,a7b,b), (254)
f(c(b,b,(l-,b)(w)) S p+2603(b7b7a76l) +935(b7a7a,b), (255)
f(o(b7b,b.a) () < f(c,(bﬁb,b,b) (o). (256)

Combining the equations and inequalities (244-256), we derive
dsf(®) > 6(b,a,b,a)—26:5(a,a,b,b).

Recall that each of the constants 6 belongs to the interval [0,0 — a]. Thus, under the
condition 6(“?*%) (@) € E,, we have obtained that ds f(®) > —2(b —a).

6.12. Analysis of the case ¢(“**) (@) € E€. The Proposition 3 implies
f(e @D (@) = f(a P00 (@)). (257)

The following relations are satisfied.

o(@a.a.a) (w) € ENE;NE3;NEy;

ocbbad) (@) e ECNESNEy;

obeba) () € ECNESNEy;

cbead)(p) e ECNENE;NES;

c@bab) () e ENESNE;NES;

o) (@) e ENE,NESNES. (258)

Denote by ¥(a,a,a,a) the geodesic on the environment 6(@%“% (@). Let Y~ (a,a,a,a) be
the section of ¥(a,a,a,a) before vy. Let Y™ (a,a,a,a) be the section after v4. Let y(i,i+ 1)
be the section between v; and v;y; for i € {1,2,3,4}. Let ¢p; be the passage time over
Y~ (a,a,a,a). Let ey be the passage time over y" (a,a,a,a). Fori € {1,2,3}and j=i+1,
denote by e;; the passage time over (i, j). The value f (c(@@aa) (@) satisfies

f(O'(”’“’“’”)(a))) = p, where p =4a+ep +e12 + €23+ €34+ ess. (259)
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y25(a7a7b>b)

YOZ(b7a7aab)

e4s

Vi V2

Y35(b7a7a,b)
?04(bab7a>a)

?04(b7a7b7a)

Let us denote by ¥(a,a,b,b) a geodesic on the environment 6(“4*4) (). Let 15(a,a, b, b)
be the section of this geodesic after the edge v,. There exists a real number 6;s(a,a,b,b) €
(0,b — a) such that the following equality holds

T(y25(a7aabab)7a~)) = €23 +6‘34+€45 +2a+2625(aaaab7b)'

The outcome @ in the previous equation can be any element of €,. Let us denote by
y(b,a,a,b) a geodesic on the environment 6»*“*) (®). Let 1, (b, a,a,b) be the section of
this geodesic before the edge v,. There exists a real number 6y, (b,a,a,b) € (0,b—a) such
that the following equality holds

T(’YOZ(b7a7a7b)7d)) = 601+€12+a+602(b,a,a,b).

The outcome @ in the previous equation can be any element of €,. Let us denote by
y(b,a,a,b) a geodesic on the environment 6»*“*) (®). Let y35(b,a,a, b) be the section of
this geodesic after the edge v3. There exists a real number 635(b,a,a,b) € (0,b— a) such
that the following equality holds

T(Ygs (b,a,a,b), Cb) = e3+eyq5+a+ 035 (b,a,a,b).

The outcome @ in the previous equation can be any element of €,. Let us denote by
(b, a,b,a) a geodesic on the environment 6»**) (®). Let §o4(b, a, b, a) be the section of
this geodesic before the edge v4. There exists a real number 84 (b, a,b,a) € (0,b—a) such
that the following equality holds

T(foa(b,a,b,a),®) = eq+ein—+en+esa+3a+200(b,a,b,a).

The outcome @ in the previous equation can be any element of Q,, that satisfies @, = a. Let
us denote by 9(b, b,a,a) a geodesic on the environment ¢ **%) (®). Let fo4(b,b,a,a) be
the section of this geodesic before the edge v4. There exists a real number 904(b, b,a,a) €
(0,b — a) such that the following equality holds

T(foa(b,b,a,a),®) = eo1+ein+ex+es+3a+280(b,b,a,a).

The outcome @ in the previous equation can be any element of Q,, that satisfies @ = a.
Let us summarize the conclusions that we can make by analyzing (258). We obtained that
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there exist scalars

002(b,a,a,b),0s(a,a,b,b),0s5(b,a,a,b),
é04(b,a,b7a)7 and 904(b,b,a,a)

that all belong to the interval (0,5 — a) for which the following relations hold

f(c\ @D (0)) = p+265(a,a,b,b), (260)
f(o.(a,b,a,b) (@) > a—b +f(6(a,b7b7b) ()), (261)
f(o.(b,a,a,b) (@) = p+60p(b,a,ab)+6s5(b,a,ab), (262)
F(a®4P) (@) = p+260(b,a,b,a), (263)
F(6®ba9 (@) = p+2804(b,b,a,a). (264)

The following inequalities are derived by identifying appropriate segments and calculating
their passage times.

f(c@@ab)(@)) < p+635(b,a,a,b), (265)
f(G(a‘a"b"a)((D)) < p +2§O4(b7a7b,a), (266)
(6P (w)) < p+2604(b,b,a,a), (267)
f(c(bﬂ»aﬂ)(w)) < p+06p(b,a,a,b). (268)

In a similar way we derive inequalities for the environment shifts that contain three opera-
tors of the type 6.

F(aP4PP) (@)) < p+602(b,a,a,b) +265s(a,a,b,b), (269)
") < f(aH) (@), 270)
f(o_(b,b,b.,a)(w)) < f(c(a,b-,bﬂ)(w))_ 271)

Combining the equations and inequalities (259-271), we derive
dsf(w) > a—b—6n(b,a,a,b).

Recall that each of the constants 6 belongs to the interval [0,6 —a]. Thus, under the
condition ¢(“??9) (@) € E€, we have obtained that dsf(®) > —2(b — a).
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