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ABSTRACT. We introduce and study derivatives in first-passage percolation with edge
weights given by i.i.d. random variables supported on {a,b}. We show that the variance of
the passage time can be expressed in terms of these derivatives. We further analyze their
structure and establish several fundamental properties and bounds.

1. INTRODUCTION

1.1. Definition of the model. The first-passage percolation model was introduced by
Hammersley and Welsh in [23]. Fix two positive real numbers a < b and a positive real
number p € (0,1). Consider the graph whose vertices are elements of Z¢ N [—2n,2n]?
(with d > 2), where two vertices (xi,...,x;) and (y1,...,ys) are connected by an edge if
ot =yi| 4+ lxa —yal = L.

Let W, denote the set of edges of this graph. The sample space is defined as Q, =
{a,b}". Each edge e of the graph is independently assigned a passage time of either a or
b, with probabilities P(a) = p and P(b) = 1 — p.

For a fixed environment @ € €, and a path Y consisting of adjacent edges, the passage
time 7' (Y, ®) is defined as the sum of the values assigned to the edges of . For two fixed
vertices u and v, the passage time f(u, v, ®) is the random variable defined as the minimum
of T(y, ®) over all paths y connecting u to v.

When v is fixed, we will also use the notation f,(®), f,, or simply f, in place of
F(0,nv, ©).

For some of our results, we will only work on a simplified model from [12] that has
more symmetry and fewer technical challenges: the percolation is considered on the torus
7Z&. We will use superscript T and write f7(®), f7, or f* to emphasize when we are
working on this simplified torus model. Formally, a d-dimensional torus is a graph whose
vertices are elements of Z¢ and two vertices u and v are connected by an edge if and only if
there is a coordinate k € {1,2,...,d} such that uy —v; = £1 (mod n). The set of admissible
paths I" consists of all paths that wrap around the torus in the direction x;. Hence, the path
(s,v1,...,vm,e) belongs to the set I if it is a path in the graph and if the starting and ending
vertices s and e have all the coordinates the same except for the first coordinate. Their first
coordinates are s; = 0 and e; = n— 1. The random variable f; is defined as the minimum
of the passage times among all paths ¥ that consist of adjacent edges and that wrap around
the torus exactly once in the direction x;. The function f! is defined as

fil@) = min{T(y,0):yeT}. ey
A path v is called geodesic if the minimum f,(®) (or /¥, depending on which problem we
are studying) is attained at 7, i.e. if f,(@) = T (7, ®).

1.2. Definition of environment derivatives. If we denote by W, the set of all edges, then
the sample space is Q, = {a,b}"*. We will often omit the subscript n when there is no
1
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danger of confusion. For each edge j and each @ € Q, we define G;l(a)) as the outcome
from © whose passage time over the edge j is changed from ®; to a, regardless of what
the original value @; was. The operation Gjb is defined in an analogous way. Formally, for

0 € {a,b}, we define Gf 1 Q — Q with

o7 (@)

If ¢ : Q — R is any random variable, then the first order environment derivative d;¢ is the
random variable defined as

{ Wy, k;’é]v (2)

k o6, k=j.

;9 = @ool—¢oo. 3)

For two distinct edges i and j, we will give the name second order environment deriva-
tive to the quantity d;d;¢. In general, if S is a non-empty subset of W, the operator ds¢ is
defined recursively as

ds@ = dg;)(99), 4)

where j is an arbitrary element of S. The definition (4) is independent on the choice of j,
since a simple induction can be used to prove that for S = {sy,..., sy}, the following holds

as(p = Z Z (_l)la(91)+"'+1a(9m)(poO-sel] O"'OGS?:;I. (5)
0,€{ab}  Onc{ab}

The function 1, : {a,b} — {0, 1} in (5) assigns the value 1 to a and O to b.

1.3. Variance decomposition. The variances of f,, and f;7 can be written in terms of en-
vironment derivatives.

Theorem 1. Let f be a random variable of Q. The following equality holds
var(f) = Y (p(1=p)™ (Blouf])’. (6)

MCW,M#0D

The results of Talagrand [36] and Benjamini, Kalai, and Schramm [12] show how in-
equalities with first order environment derivatives lead to bounds on the variance of the
form var(f,) < C- g and var(f;7) < C- ., for some constant C.

In [37], Tanguy generalized Talagrand’s inequality to include second order environment
derivatives. One of the results of this paper is an application of Theorem 1 that offers
alternative proofs and further generalizations of the Talagrand’s and Tanguy’s inequalities

to all orders k.

Theorem 2. Let f be a random variable on Q. For every integer k > 1, there exists a real
constant C and an integer ng such that for n > ny, the following inequality holds

var(f) < Y (p(1=p)M (E[duf)

MCW,1<|M|<k
o £II2
+C- : M{abfn v "
MCW,|M|=k,)|d 0 wriln
CW,|M|=k,| |y fIl1 # 1+(10g ||9Mf||1)

where ||g||, is the LP-norm of the function g defined as

1/p
lell = ([, lePar) = @lep)
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The higher order inequalities have two summations. In [37], the second order result was

e

|9 s]2 )
mew =2 aus1i 0 1+ (log {21442 )

The author of [37] pointed out that the bound could be generalized for k > 2, but it wasn’t
clear how the first summation would look like. The expectations E[dy, f] in the first sum-
mation in (7) are calculated without absolute values, which makes them smaller than the
corresponding norms in (8) even in the case k = 2.

The conjectured upper bound for the variance in first-passage percolation is C - n%,
where ) is an exponent that depends on the dimension. Current predictions suggest that
X is % in the two-dimensional case [6]. A bound of y < % was established by Kesten in
1993 [27], and to date, there is no formal proof that ¥ is strictly less than % In dimensions
higher than two, even conjectural values for ¥ remain unclear. According to [6], it is widely
believed that y remains strictly positive in all dimensions, though it tends to 0 as d — oo.

It is worth noting that the value y = % was rigorously established by Johansson in a
related model known as the totally asymmetric simple exclusion process (TASEP) [26].
The TASEP model belongs to a class of exactly solvable models that can be analyzed
using techniques from random matrix theory. In this setting, a central limit theorem has
been proven, with the limiting distribution given by the Tracy-Widom distribution for the
largest eigenvalue [38].

The best current variance bound for first-passage percolation is C - logn' It is obtained
by Benjamini, Kalai, and Schramm [12]. Their approach relies on Talagrand’s inequality
[36]. After applying the inequality, they use symmetries of the first-passage percolation
models.

Our Theorem 2 generalizes Talagrand’s inequality in the sense that the latter becomes a
special case when k = 1. In the torus model and the case k = 2, it is possible to improve the
denominator to (logn)? at the cost of introducing the term I [N>] in the numerator. More
precisely,

var(f) < Cl LNOfIT 2 + ®)

Corollary 1. The pair of edges (i, j) is called convoluted on the outcome ® € Q, if
0i0jf(w) # 0. If N, is the random variable that represents number of convoluted pairs
of edges, then there exist constants C and C and an integer no such that for n > ny, the
variance of f* on torus satisfies

CZ\M\:Z 19w £ 13 E[N]
(logn)? = (logn)?’

Currently, we are unable bound E[N] by n; hence, our result does not improve upon
the best-known bound of 7. We conjecture that E[N>] and the L? norms ||dyf]|2 are
small-especially in dimensions d > 3, where the decay could potentially be exponentially
fast. However, these quantities remain difficult to analyze at present.

A complete understanding of the environment derivatives is equivalent to a complete
understanding of the variance, due to (6). Theorem 1 is equality. Together with var(f) <
C @ <C @, it can be used to derive certain L2-bounds on environment derivatives. We
will list in Section 5 some conjectures that would be sufficient for algebraic improvements
on the variance bound. The equation (6) is not particularly surprising—it is the Parseval’s
identity for the Fourier expansion. Talagrand, as well as Benjamini, Kalai, and Schramm,
have previously employed the Fourier expansion of variance, but skillfully avoided dealing

[N

var(f*) <

9
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with the coefficients directly by relying on clever bounding techniques. Similar techniques
and different forms of the variance equations were developed in [35] and [32] for Boolean
circuits and functions. We believe that there is a special value of (6) because it expresses
the coefficients in terms of environment derivatives.

In summary, the ultimate goal is to control the L>-norms of the environment derivatives
du f, as these norms are directly tied to the variance. At present, however, we are unable
to effectively bound these L2-norms.

This paper makes progress in analyzing the environment derivatives. We introduce the
concepts of essential and influential edges and study the relationship between these cate-
gories of edges. The results that follow make it possible to further clarify the anomalous
changes of the geodesic that can happen with minimal changes in the environments. One of
major benefits is the ability to bypass intuitive representations—representations that become
increasingly difficult to construct when the sets M contain more than a few elements.

The fundamental results about essential and influential edges that were derived in this
paper paved a way for further study of environment derivatives and obtain almost sure
bounds, [30]. The derivatives of order 1 are obviously bounded by (b —a) from above
and 0 from below. For k > 2, it is possible to construct examples where the environment
derivative of order k are equal to ([liézzw) (b — a) and examples where the derivatives are

— ([’;;22}) (b—a). Fork € {2,3,4} these binomial coefficients turn out to be 1, 1, and 2. We
2

can prove that for k € {1,2,3,4} these examples are in some sense the worst case scenarios,
i.e. that the environment derivatives are bounded by the above binomial coefficients.

We conjecture that these binomial coefficients are the actual bounds for all k, but we
can’t prove this at the moment. We have an ongoing work at building computer-assisted
proofs for almost sure bounds of higher order.

1.4. Methods used in proofs and overview of literature. The proof of Theorem 2 relies
on the Beckner—Bonami inequality from [10] and [13], similar to Talagrand’s original ap-
proach. In our proof, we clearly separate probabilistic components from algebraic manip-
ulations and extend the variance decomposition to gain higher powers in the denominator.
The logarithmic improvement in the denominator is more transparent in our presentation
due to this clearer separation between probability and algebra.

We modified Talagrand’s method by generalizing his operator A; (denoted p; in [12]).
Talagrand’s operator is defined as

Aif(o) = f(ci(w)) — f(®),

where 0;(®) denotes the environment in which the passage time over edge i is changed
from its original value. Our first-order environment derivative 0; is defined as

dif (@) = f(07 (@) — f(of (w)).

This seemingly small change leads to significant improvements in clarity, particularly in
identifying edges that belong to geodesics and those for which the environment derivatives
are nonzero. In addition, the integration-by-parts formulas become much simpler with
the operator d;, as it is a more natural extension of the classical derivative than A;. If the
denominator (b — a) were introduced to normalize the derivative, the ordering of terms
would align with the numerator f o Gib — foof of 9;f.

We generalize this environment derivative to higher orders, which allows us to make
a tradeoff after applying the Beckner—-Bonami inequality. This tradeoff improves the de-
nominator from logn to (logn)*, but at the cost of introducing the L?-norms ||dpf||3 of
the higher-order environment derivatives into the numerator. As mentioned earlier, these
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L?-norms are not easy to control. We hope that other researchers will explore the theory
of environment derivatives further, as they show promise for deeper understanding and
improved bounds.

When the edge passage times are supported on {a,b}, as in the model studied in this
paper, geodesics may not be unique. It is expected that there will be numerous sufficiently
disjoint geodesics, which would imply a small number of influential edges. This, in turn,
could make it easier to obtain bounds on N,. The study of geodesics has produced several
important results and highly credible conjectures. Notably, as the size of the environment
grows, at least two infinite geodesics are expected to emerge [24]. Infinite geodesics are
also known to coalesce with high probability [3], [34], [28].

If the edge passage times are continuously distributed, geodesics are unique, and the
event A; = {J;f # 0} coincides with the event that edge i is essential-that is that is, ev-
ery geodesic passes through i. Benjamini, Kalai, and Schramm studied the discrete case
and encountered a major challenge: proving that the probability of A; decays as n & If
the event A; occurs, we say that the edge i is influential. The authors of [12] proposed a
simpler problem: prove that P(A;) — 0. This problem was resolved recently. In the con-
tinuous setting, we now have bounds of the form P(4;) < Cn~%. The first such results
appeared in [20], were strengthened in [1] (which removed differentiability assumptions),
and culminated in polynomial bounds in [22].

Over the past 20 years, the Benjamini-Kalai-Schramm trick has been successfully used
to bound variances in numerous problems, many now categorized as superconcentration
problems [15] or part of the Kardar—Parisi—Zhang (KPZ) universality class [2], [17]. First-
passage percolation models can also be viewed as extreme cases of random polymers in
the zero-temperature limit [39].

In [11] and [19], the @ variance bound was extended to a large class of distributions.
The exponent y, discussed earlier, is called the fluctuation exponent. It is related to the
transversal exponent &, defined as the number for which C-nS is the maximal distance
from the geodesic to the straight line between the starting and ending point. The exponents
% and & satisfy the KPZ scaling relation y = 2 — 1. The inequality ) > 2& — 1 was proved
in [31], while the reverse inequality y < 2& — 1 was first shown in [14], then generalized
and simplified in [5]. These scaling exponents are closely tied to the asymptotic shape of
the balls in the first-passage percolation metric; see [18] and [16].

The models we study in this paper are discrete. However, there have been successful
generalizations to models where graphs consist of points scattered in Euclidean space [25].
Scaling relations and large deviation estimates have been established for both these spatial
models and traditional lattice models in [8] and [9]. In a broad class of first-passage per-
colation models, the limit shape has been shown to be differentiable [7]. These problems
become even more continuous when framed in terms of random Hamilton-Jacobi equa-
tions. For generalizations of the law of large numbers and central limit theorems in this
context, see [33], [4], and [21]. Variance bounds of the order @ have also been obtained
in this continuous PDE setting in [29].

2. ESSENTIAL AND INFLUENTIAL EDGES

We will distinguish four categories to which an edge of the graph can belong. These
categories may overlap but are conceptually distinct. Most edges will not belong to any of
them.

Definition 1. An edge j € W, is called essential on the environment ® if every geodesic
passes through j. We will denote by E; the event that the edge j is essential.
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¢ O

FIGURE 1. Relationship between essential, semi-essential, influential,
and very influential sets.

Definition 2. An edge j € W, is called semi-essential on the environment @ if at least one
geodesic passes through j. We will denote by Ej the event that the edge j is semi-essential.

Definition 3. An edge j € W, is called influential if d; f (@) # 0. We will denote by A; the
event that the edge j is influential.

Definition 4. An edge j € W, is called very influential if 9, f(®) = b —a. We will denote
by A j the event that the edge j is very influential.

Since the passage times across edges have a discrete distribution, there may be multiple
geodesics between two fixed endpoints. We will show that, in general, the four categories
defined above are distinct. Later in this section, we will prove that the general relationship
between the events A, A j» Ej, and E j is captured by the Venn diagram in Figure 1.

The inclusion E; C A; is the most important of all of the inclusions from the diagram.
Although E; is subset of A;, we will prove later in Theorem 5 that the two events have
comparable probabilities, i.e. P(A;) <IP(E;)/p. It is natural to conjecture that all of the
events E;, A;, E; and A; have comparable probabilities. We didn’t need this full result in
our paper, and the proof does not look obvious. Here is the formal conjecture.

Conjecture 1. There exists a constant C independent on n such that

P(4;) < C-P(4)),
P(E;) < C-P(Ej), and
P(E) < C-P(A)).

Most research involving percolation models, where passage times have discrete distri-
butions, has had to address these distinct categories of edges. Handling this distinction has
often introduced technicalities that researchers needed to overcome. This section shows
the similarities and differences among the various edge categories and summarizes their
relationships.

The results of this section apply to both f an f7; we will only present them for f. We
will start with a proposition whose proof we will omit because it is straightforward.
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Proposition 1. For every i # j, every a, B € {a,b}, and every random variable ¢,

o%oc? = o (10)
G,-"‘oojﬁ = G]ﬁoq-a; (11)
(dip)oc = dig; 12)
%9 = 0 (13)
didj¢ = d;0i¢; (14)

O log—ag = @00’ ly-qa. (15)

The next theorem is one of the few results that require a combinatorial analysis of
geodesics. The obtained algebraic relationships among E;, A;, £}, and A, together with
some general results from set theory, imply all inclusions in Figure 1.

Theorem 3. The events Ej, A, E Jj» and A j satisfy
Aj = (o)) (Ep); (16)
A = (o) (Ep. (17)
Proof. We will first prove that {d;f # 0} C (G]‘-*)’I(E ;). Assume the contrary, that there

is o that satisfies d; f(@) # 0, but 6 (®) & E;. There is a geodesic ¥ on 0f(®) that does
not pass through j. The value f(o¢(®)) satisfies

flof(w) = T(v,0{(0))=T(1.0](®)) > f(o]()).

The monotonicity of f in each coordinate implies f(of(®)) < f(o (a))) Hence, we
obtained f(of(®)) = f(crj]?(a))). This contradicts the assumption d; f( ) #0.

We will now prove that (Gf)_l(Ej) C {d;f # 0}. Assume that ® € (07)~ Y(E;). We
need to prove that f(O'Jl?((D)) > f(o](w)). Let y be a geodesic on GJ’-’( ). There are two
possibilities: j € yand j ¢ 7. In the case j € 7, we have

fe}(@) = T(r,07(0)=(b—a)+T(y,0}(®)) > (b—a)+f(c}())
> f(o](w)).
In the case j ¢ 7, the following holds

floh(w) = T(r,6}(0)=T(y,0¢(w)).
However, since G]‘?(a)) € E;j and j ¢ 7, the path ¥ cannot be a geodesic and 7'(y, q;l(a))) >

f(of(w)). We are allowed to conclude that f(ojl?(a))) > f(of(w)). This completes the
proof of (16).

—1 A A

We will now prove (17). Assume first that @ € ( ’-’) (Ej). Then, Gj'»’(a)) € Ej, and

there is a geodesic ¥ on o7 b(w) that passes through j.
fo}(@)) = T(y.,07(0))= (% oj(@))+(b—a)
f(oj(@))+b—
It remains to observe that f(O'jb(a))) < f(of(®)) +b—a. Therefore, ® € Aj. We proved
—1 . R

that (aj?) (E;) CA;.

Y
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Assume now that @ € A;. We need to prove that GJ’-’((D) € E;. Let us consider o} (o).
If there is a geodesic & on 0 () that does not pass through j, then

flef(@) = T(8,0{(w)=T(5,0](»)) > f(o](@)),
which would imply that 9; f(®) = 0 and contradict the assumption € A ;. Hence, every
geodesic on o (@) must pass through j and 67 (®) € E;. Let y be a geodesic on 6¢(®).
Since we assumed that @ € A, we have
f(e}(@) = f(of(@)+(b—a)=T(y,0{(@))+(b—a)
= T(y,07(0)).
This means that 7y is a geodesic on G;’ (w). Since y passes through j, we proved that
o) (o) € Ej. O
Proposition 2. The following two implications hold for every @ € Q.
(a) If 6}() € ES, then f(o}()) = f(0f(®));

(b) 16 (@) € £, then f(0?(®)) = F(0*(@)) + (b a).

Proof. Part (a) follows directly from (16). If we assume O'J‘?(a)) € EJC, then

o € (a%) (ES) = ((6%) 1 (E)) = AS.
Similarly, part (b) is a direct consequence of (17). [l
The functions 6 and 67 are idempotent (a function ¥ : R — R is idempotent if yo y =
y) and they satisfy o} o Gib = of and Gib oof = Gl-b. These algebraic properties, together
with E; C E i A i € Aj, (16), and (17) will have the following algebraic consequence:
E; CAj and A i C E,'. These inclusions (and several more results) will follow from the
following general properties of images and pre-images of idempotent functions, whose
proofs are left for the Appendix.

Proposition 3. If v : R — R is an idempotent function, then the set of its fixed points is
equal to its range, i.e.

V(R) = {xeR:y(x)=x}. (18)

Proposition 4. Assume that v : R — R and & : R — R are two idempotent functions that
satisfy wo & = y. If Q is any subset of R, then

v (v H(QNER) =y (v ' (Q) =0ny(R) =y ' (Q)NyY(R). (19

Proposition 5. Assume that w* : R — R and w” : R — R are two idempotent functions
that satisfy w*(R)U w’(R) = R. IfE and E are two subsets of R that satisfy E C E and

(v?) "N (E) C (y*)"1(E), then
E
(v")"N(E)

The equation (18) applied to o7 and Gjb transforms into

(v~ (E), (20)

-
Cc E. 1)

of (Q)={wj=a} and o} (Q)={w;=b}. (22)
We will apply the equation (19) to idempotent functions o7 and 0';’ that satisfy o7/ o O'JI.’ =

a b a __ ~b
o] andcjooj =o0j.
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Proposition 6. For every j € W, the events Ej, E i Aj, and A j satisfy

oj(4)) =0j(A;jn{o;=b})=A;n{w;=a} =E;n{w;=a};  (23)

GJ})(A]) ZGJ,?(AJ'Q{(I)J' :a}) ZAjﬂ{(l)ij} Zéjﬁ{(l)j Zb}- (24)

Proof. The given equalities are direct consequences of (10), (16), (17), (19), and (22). O

Theorem 4. For every j € W, the events Ej, E i Aj, and A j satisfy

E;CE; AjCAj (25)
E;CA;; and (26)
AjCE;. 27)

Proof. The inclusions (25) are obvious, while the inclusions (26) and (27) follow from
(20) and (21). ([l

In some special cases (one of whichis a, b € N, b = a+ 1), the events A jand A; are the
same, and the relationships between £, A, and E j are simpler.

Proposition 7. Assume that the real numbers a and b are such that there are no integers
kq and ky, for which ak, + bky, belongs to the open interval (0,b — a). Then,

E;CAj=A;CE;.
Proof. This is a trivial consequence of E; CAj, A; :Aj, and Aj CE;. O

Proposition 8. For sufficiently large n, the following sets are non-empty: E i\Aj, A i\Ej,
and A;\ E;. If there exist integers k, and kj such that ak, + bk, € (0,b — a), then for
sufficiently large n, the sets A \Ej and E; \AJ are non-empty.

Proof. There are trivial examples that establish £, \ A; # 0 and A; \ E; # 0. We will
construct them on the torus model. The examples can be easily extended to the general
first-passage percolation. Let @, be the environment that assigns the value a to every edge.
It is easy to prove that @, € E i\ Aj, for every edge j that connects the vertex X with
the vertex 7 and satisfies x; —y; = £1. Take now the environment @, whose all edges
are assigned the value b. Then, every edge between ¥ and 7 that satisfies x; —y; = £1
is very influential. None of the edges is essential, hence wj, € A j \E ;. These two trivial
examples @, and @, showed that £ i \A; and A j \ E;j are non-empty.

In Section 4, we will prove that the remaining sets are non-empty. The relation A\ E; #
0 is proved in Proposition 16. The Proposition 17 proves that A ; \E jand E; \A j are non-
empty if there exist integers k, and k;, such that ak, + bk, € (0,b —a). O

Proposition 9. Assume that ® € E;. A path y is a geodesic on @ if and only if it is a
geodesic on 6§ (®).

Proof. First we will prove that every geodesic on @ is also a geodesic on O'f(a)). The case
®; = a is trivial. Assume that @; = b. Let i be a geodesic on @. Since ® € E;, we must
have

fl©) = T(u,0)=T(uo%(0)+(b-a).
We obtained that the equation 7' (i, 0¢(®@)) = f(®) — (b —a) holds for every geodesic

on . If v is any other path that is not a geodesic on @, we must have T (v, ®) > f(®).
We would also have

T(v,0i(0) 2 T(v,0) = (b—a) > f(®) - (b—a) = T(u, o} (®)).
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We have made the following conclusion: If v is not a geodesic on ®, then V is also not a
geodesic on 07 (®). In addition, all geodesics on @ have the same passage time on 6% (®).
This implies that all geodesics on w are geodesics on 0'}’((1)).

Let us now prove that every geodesic on Gj‘(w) is also a geodesic on @. It suffices to
prove this for ® € E;N{®; = b}. Assume the contrary, that there is a geodesic ¥ on O'Jq(a))
that is not a geodesic on w. Since

0j(Ej) Coj(Aj) =Ejn{w;=a} CEj,

we must have GJ‘-‘ (@) € E;. Therefore, the path y must pass through j on Gj‘(w). Therefore,

floj(@)) = T(y,0{(0) =T(y,0)—(b-a). (28)

Since 7 is not a geodesic on @, there must be a path § which is a geodesic and for which
T(y,w) is strictly larger than 7' (8, ). However, @ € E; by the assumption. Therefore, &
passes through j and T'(8, @) = T (6, 0¢(®)) + (b — a). From (28) we obtain

floj(w)) = T(y,0)—(b—a)
> T(8,0)— (b—a)
— T(5,0%(w)).

This is a contradiction, because the value f must be smaller than or equal to the cost over
the path 6 on the envifornment 67 (®). O

For V C W, define Ey = ﬂje\/ E;.
Proposition 10. For every j € V, the following holds
G}l (Ev) = Evﬂ{a)j:a}. 29)

Proof. The inclusion D is obvious: If @ € Ey and w; = a, then G]‘?(a)) = @. Therefore,
the environment @ is the image of @ under 7. That makes @ an element of o7 (Ev).

We need to prove that of(Ev) C Ey. Take § € of(Ev). There exists @ € Ey such that
¢ = oj(w). Since ® € Ey C E;, we can apply Proposition 9. Every geodesic on { must
be a geodesic on @. However, @ € Ey. Every geodesic on ® must pass through all of the
vertices of V. All of the geodesics on § must satisfy the same condition. Thus, { € Ey. [

Ifd e {a,b}" and V € W™, define Gg Q- Qas

Gg’ = %0000, (30)
where a1, ..., &, are the components of o and Vi, ..., Vjy are the components of V.
The event I 5 is defined as
g = Gg(ﬂ):{weﬂzwvl:al,...,a)vk:ock}. 31)

Proposition 11. For every evegt A, every vector V € Wk that has all distinct components,
and every two vectors o and B from {a,b}", the following holds

R
IP’(AQI?E») - %%P (c§ (AﬂI?j)). (32)
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Proof. Take @ € Q and fix V. When we remove the components of @ whose indices
appear in the vector V', we obtain a shorter sequence R+ (@) that is an element of Q- =

{a7b}W\{_V>}. Let us denote by P~ the induced probability measure on Q.

P(anrz) = ¥ Bo)= Y PB)Fo(Ry(0)
weAﬂIv‘? weAﬂI??
?(f)
- 5 Y P(d)Py(Ryo).
a)EAﬁIvE
Observe that P(Gg(w)) = IP’(H))IP’7 (R+(®)). Therefore,
ﬁ
P(p
P(Am?ﬁ) = ﬁa% Y Pclo).

coEAﬂI7‘E>

Since Gg is a bijection from A ﬁIV,F to Gg (A 017_3), we can use the substitution

{= Gg () in the last summation and obtain the equation (32) . O

Let us state a special case of the previous proposition in which the dimensions of vectors
are all 1.

Proposition 12. For every event A and every pair («, ) € {a,b}* and every j € W, the
following holds
_ _ PB)ya _
PAan{oj=p}) = g Plof@ni{e=5})). (33)

We now use (33) and (32) to prove the following two theorems.

Theorem 5. For every edge i € W, the probabilities of the events A; and E; satisfy

P4) < I%IP’(EI-). (34)
Proof. Using (23) we obtain
P(A,) = P(Aiﬁ {(1),' = a}) —HP’(A,ﬂ {CO,' = b})
= P(E,’ﬂ{(l),’ = a}) —‘r]P(A,'ﬂ{(D,' = b})
< IP(E,)+]P’(A,ﬁ{a),:b}) 35)
We now use (33) and (23) to bound the second term on the right-hand side of (35).
taept) = PO oaia i == L b e —
PA;N{w;=b}) = IP(a)]P)(Gi A;N{w; =b})) = IP’(a)P(El N{w; =a})
P®) 0 o
S WP(EJ- (36)
The inequality in (34) is now a direct consequence of (35) and (36). O

Theorem 6. Assume that vV € W™ haj all distinct components. Assume that j is not a
component of V. Assume that 7 and O are elements of {a,b}™. Then,

i
P({ajfocg7é0}ﬂl_v,3) < %%P(Ajm?j). (37)
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Proof. We first use (32) to derive

—
IP’({@foGgyéO}ﬂI?K) - %%P(og ({@fo(fgyéO}ﬂI?‘?)).
It suffices to prove that

{a fool ;éo}m? 5) C ANk 5. (38)

Assume that § € o g{ ifoo 7&0} nL, 3) There exists @ € {&-fo 0'3 7&0} N

L, 3 such that § = o} (@). Clearly, { € I5; . In order to prove that { € A;, we need

to prove that d;f({) # 0. However, 9d;f({) = aif(cg(a))) =djfo Gg)(a)) # 0 by our

choice of w. ]
3. VARIANCE DECOMPOSITION

3.1. Integration by parts. We will first establish theorems that hold for general random
variables, not only first-passage percolation times. Theorems 7 and 8 are analogous to
integration by parts formulas from calculus.

Proposition 13. For every random variable ¢ on Q, its expected value E[@] can be eval-
uated using the equation

Elg] = pElpoo]+(1-p)E[poo/]. (39)
Proof. Let us denote by P; the product measure on {a, b}W\{i} defined as
Pi(w) = H pla(wk)(l _ p)l—la(a’k). (40)
keW\{i}

Let E; be the corresponding expected value. We use (15) to obtain
]E[(P] = ]E[‘P'lwi:a]+E[(P'1wi: ]
= Elpoo 1y a]+IE[<poG L= }

= pEilgocf]+(1-p)E[goal]. 1)
We can apply (41) to ¢ o 6" and use (10).
Elpoof] = pElgoofoo]+(1-p)E |pooioo]
PE; [(P o Gia] + (1 _p>Ei [(P o Gia]
= E [(P o Gia] .
In an analogous way we derive the equality E [¢p oo} | = E; [poc]. The equation (41)
becomes (39). ([l

For w € Q andi € W, let us define

-/ 5L, ifoi=a, @)

ri(w) =
(@) JiL  ifoi=b.

For each i, we have E[r;] = 0 and var(r;) = 1. For S C W, we define



HIGHER-ORDER DERIVATIVES OF FIRST-PASSAGE PERCOLATION 13

[Tri(w). 43)

i€
Due to independence, we have E [rs] = 0 and var(S) = 1 whenever S # 0. Also, if S
and 7T are different sets, then their dot product E [rgrr] must be equal to 0. Therefore, the
functions (rs)gcyy form an orthonormal basis of L*(Q).

Theorem 7. For every nonempty S C W and every random variable @, the expected value
of @rs satisfies

Elprs) = +/p(—p) E[ds)]. (44)

Theorem 7 is a special case obtained by placing S = T in the following more general
result.

Theorem 8. For every two sets T and S with T C S C W, and every random variable @,
the expected value of Qrs satisfies

(pl’s VP 1— ‘ l [8Tgo rS\T]. (45)

Proof. Let us first consider the case T = {i}. An application of (39) results in
Elprs] = pElprsocf]+(1-p)E grsoof|
— pE[(9ocf)(rso0f)]+(1-p)E[(9o0?) (rsoa?)]

a l—p b 14
—PE[(‘PO@)'\/ LIS\ +(1—P)E{(‘POG,-)'\/1p%\{i}}

Vp(1-p)E K(POGI-I’ - 900051) rS\{i}}
= Vp(1=p)E[dors ] - (46)

The general result (45) follows by a straightforward induction. g

Proposition 14. Assume that U CV CW. If dyg(w) = 0 for all o, then dyg(®w) =0 for
all ®.

Proof. Let Q C W\ V. Let us apply the formula (45) to ¢ =dyg, T =V \U, and S =
{V\U}UQ.

0 VAU

E [(dug) 'r{V\U}uQ] =+v/p(l—p) E [(a\/\uf)Ug) -ro]

= V=) E(@ve) o). @7)

The equation (47) holds for every Q C W\ V. If Q is a set that has non-trivial intersection
with V, then E[(dyg) - ro] is equal to 0 because of (13). Hence, dy g is orthogonal to every
element of the basis. Thus, dyg = 0. O

3.2. Variance formula and generalization of Talagrand’s inequality.

Proof of Theorem 1. The coefficients of f in base (rs)gcy, will be denoted by as. The
coefficients satisfy

as = E[frs]=+vp(1—p ll E[dsf]. (48)



14 I. MATIC, R. RADOICIC, AND D. STEFANICA

Except for the coefficient ag, the random variables f —E[f] and f have the same coeffi-
cients. This implies (6). [l

We will use the following variant of Beckner-Bonami inequality.

Theorem 9. If g is an element of span{rg : |Q| <L}, then for each q > 2, there exists a
constant o, = o(p,q) > 0 such that

lell3 < e* gl
where ¢ is the conjugate of q.
Proof. This result is proved in [36]. It is listed as the Proposition 2.2 on page 1580. ]
We use Beckner-Bonami inequality to generalize Talagrand’s theorem 1.5 from [36].

Proof of Theorem 2. We start with (6) in which the variance is expressed as the sum of

squares of all Fourier coefficients ag. The sum will be decomposed into two sums: the

lower sum and the higher sum.

var(f) = Li(f)+Hi(f), where

L(f) = Y a (49)
1<|S|<k

H(f) = Y a. (50)
IS|>k

The lower sum will only undergo algebraic transformations. Equation (44) implies

\ I
as = Elfrs]=+/p(1- E[dsf].
The lower sum L;(f) can now be written as
L(f) = X (p(-p)* (E[asf). (51)
1<[S|<k
The higher sum will be first re-organized. Let .# be the family of those subsets of W that

have cardinality at least k. Let us introduce some notation that will simplify the writing.
We will denote by .#7 the set of all subsets of W that contain 7', i.e.

Ir = {SCW:TCS}.

In the case when T consists of a single element 7, we may write .%; instead of .7,

Zag:ZaS \S| lZ 'IGS:Z Z %j

SeF Se.F LEW W Sey’ﬂﬂil

Hi(f)

2

aS ]
L\ &, B,

iew Seﬁﬂﬂil ieW\{i1}

2
ds
2\ & Lm0 ) e

iew i2€W\{i1} SEjﬂf{[l_iz}

We can now continue in the same way as in (52) until the number of indices becomes k.
The summation (52) becomes

2
ds

= k!- .
o= x (Se%]mus—1><|s—2>--~<5|—k+1>>

(53)
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We now apply (45) with ¢ = f and T = M to obtain

as = E[fors)=v/p(1—p)" E[duf rsm]- (54)
Equations (53) and (54) imply

2
H(f) = (p(1—=p))*E [(Opf) rs\um] ) (55)

Mg%%w%“'<%;;%4wuwnusm~~<ﬂk+1>

For fixed M, let us denote by (M) the inner summation in (55). Formally,

. (p(1 = p))'E [(9uS) rsva]”
= ‘k’wawmﬂ—mm—n~wwhu>'

We will assume that the summation is restricted to the sets M for which ||dyf||; is non-
zero. Since we are working with finite sample space, the L'-norm is zero only when the
function dy f is identically equal to 0. We split £(M) into two groups: the summation H,,
corresponding to sets of sizes smaller than Ly; and the summation H,; corresponding to
sets of sizes larger than or equal to Ly;. The integer Ly will be determined later. If the
number of elements of S is at least k, then the product of the numbers |S|, |S|—1, ...,
|S| — k+ 1 in the denominator is greater than or equal to k!. Hence,

(p(1 = p)E [(Ouf) rsm]”
[ST(ST= 1) (ST —2) - (S| —k+1)

(56)

— l.
HM k!
Se Iy, k<|S|<Ly

(p(l_p))k< ) ]E[(&Mf)VS\M}2>~

SEfM,kS|S‘<LM

IN

There is an obvious bijection between .#), and the subsets of W \ M. Hence, we can do the
substitution Q = S\ M and obtain the following bound for H,,.

Hy < (p(1-p)) Y E[(9mf) ol

QCW\M,|Q|<Ly—k

We will now use (55) to find an upper bound for H, AT, The cardinalities of sets S are now
bigger than or equal to Ly,. Therefore, the product of numbers |S|, |S|—1, ..., |S|—k+1
in the denominator is greater than or equal to Ly - (Layg — 1) - -+ (Lpyy — k+ 1) which is equal
to k! - (L,i” ). Therefore, the sum H,; satisfies

(p(1— p)VE [(Onf) rsim)’
ISI(ST=1)(IS|=2) - (IS| — &+ 1)

+
Hfy, = K
SE€Ip,IS|>Ly

(p(1-p))*
(i) SEIISI>Lu

D W T

() ocw gLy

IN

E [(9uf) VS\M]2

Let us now set our first requirement for Ly,. This requirement will be Ly; > 2k. Then, each
of the numbers Lys, Ly — 1, ..., Lyy —k+ 1 is greater than or equal to LTM and their product

k
is at least L%, /2*. Therefore, (LI’CW ) > % The sum H(f) defined in (50) and expanded in
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(52) can now be bounded as follows.

H(f) < (p(1=p) ¥ ( E((9uf) rol’
MCW,|M|=k \QCW\M,|Q|<Ly—k
2Kk
T E[(aMf>rQ]2>. (57)
M QCW\M,|Q|>Ly—k

Let us define the random variable g in the following way

g = Y E[(duf) rolro- (58)
OCW\M.[O| <Ly —k

The random variable g is the projection of dy f onto the subspace spanned by {rp} for sets
Q of cardinality strictly smaller than Ly, — k. The inequality (57) becomes

Hi(f)
‘ 5 2kk! 5
< (p(-p)t Y lsll2 + Y El@mf)rol” |- (59
MCW,|M|=k ‘M QCW\M,|Q|>Ly—k

The second term on the right-hand side of (59) has an excellent coefficient Lﬁ,, in the de-
nominator. We can afford the following generous bound

Y E[(Ouf)rol* < |oufll3-

QCW\M,|Q|>Ly —k
The inequality (59) becomes
k , 2%k )
H(f) < (p(=p)" Y (lslz+= lomfllz)- (60)

x
MCW,|M|=k Ly

Since the cardinalities are strictly smaller than L,;, we can use Theorem 9. We will take
q = % There exists a scalar o such that

lelz < eblgl3),- (61)

From (61) and Cauchy-Schwarz inequality we now derive
4/3 4/3
et [lg|- gl 2] < et (E[IgP) - E lg))' )

4/3 2/3
= embu||g|37 g3 (62)

IA

2
llgll2

Dividing (62) by || g||;/ 3 and raising to the exponent % gives us
gl < e iglh < ™" [|Oh f 1, (63)

where o = %(xl is a constant that does not depend on 7.
Using (63) we transform (60) into

y ( 0e?%lm 2Kk
B + PR
MCW,|M|=k ||8Mf||%/||aMf||% L’j,,

Let us introduce & = (p(1 — p))*-max{6,2%-k!}, o = 20, and

1913
313

H() < (p(1-p)F )n&an%. (64)

(65)
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Define the function y, as

|
wu(l) = By + 7% (66)
we can re-write (64) as
H(f) < 6 Y, wm(Lu)- 19 f15- (67)
MCW,|M|=k

We will now choose a convenient Ly;. So far, we only had one requirement that Lj; must
satisfy. The requirement was that Ly, must be bounded below by 2k. The number 2k is a
constant that does not depend on 7.

Observe that if By > €%, then the open interval (loﬁgM , 10‘%3’” ) is large enough to

contain at least one integer. Let By be the real number such that B > By implies B¥% > log B.
Let B = max{e®*, By}.
If we assume that By > B, then we choose Ly, with

Ly = max {Zk, LIOgBMJ } .
200

This choice for Ly, immediately implies Ly > ﬁ log By, hence

1 3a)f
1o B 68)
Ly, log" By
The inequality Ly < ﬁ log By gives us
aLy LlogBy 1 1
e e B 69)

< = < .
By By VBu  logkBy
Inequalities (68) and (69) imply that if By, > B, then we can choose Ly, in such a way that

1+ (3a)k

. 70
logk By (70)

Wit (L)
If By, < B, then we are going to use a much simpler bound for (M) defined in (56).
The product of numbers |S|, (|S]—1), ..., (|S| —k+ 1) in the denominator is at least as

big as k!. This generous bound is sufficient to cancel k! and we are left with X(M) <
(p(1— p))*||Om f]|3. However, since By < B, we have

1+1logkB
(M) < (P(I—P))kHaMfH%'W (71)
M
Let us now use (65) to replace log Bys with 21og HgZ;H? . In the case By < B we apply (71),

while in the case By > B we apply (67) and (70) to conclude that there exists a constant
Ci € R such that

19m.f13
2
MCW M|=k ] + (log Hamf\\z)

H(f) < G- (72)

[EYE

We now add (51) and (72) to complete the proof of the theorem. [l
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Remark. The function ), (L) defined in (66) cannot be bounded by something much better
than log_k By, as was done in (70). Basic analysis of yj, shows that it is convex and
increasing for positive L. Its minimum is attained at the solution of the equation y'(L) =0,
which after the substitutions

o o [ kBy\ VD
= %1 and x= % (M
[T k+1< a >

becomes ye’ = x. The function x — y(x) is not an elementary function, but it is very easy
to prove that it is increasing and

Y

im 2
x—+e logx

=1.

3.3. First-passage percolation on torus. We now turn to first-passage percolation time
/7 on torus.

Proposition 15. In the torus model, for every i € W,, we have

1 b
P(A;) < ;P(Ei) < apnd T (73)
Proof. The first inequality follows from (34). Observe that all the values P(E;) are equal,
due to the symmetry of the graph. Therefore,

1 1
P(E) = o Y P(E)) = ol
jew

£

JEW
The sum Y. ;e 1g; is bounded by bn/a because all of the essential edges must be on one
geodesic whose length is at most %” (]

Theorem 10. Let M C W be a set with k > 1 elements. If f is the first passage percolation
time on torus, then there exist constants Ny and 0 = 0(k, p) such that for all n > Ny the
following inequality holds

0
P (o f*#0) < . (74)

Proof. We will omit the superscript 7. However, the argument in this proof applies only to
the first passage percolation on torus. The inequality is obviuous if dys f = 0 almost surely.
Assume that dy f(®) # 0 for some @. There is an ordering (my,...,m;) of the set M and a
vector & = (G, ..., 0%) € {a,b}*" such that d,,, (G2 0---0 G (®)) # 0. Let us denote
V= (my,...,my). We will now sum over all possible elements m; and all possible choices
of V and .

P(ouf#0) < ;ap(amlfoo§¢0)

We now use (37) to obtain

#(F)
P(Am,)

P(d)

(max{p,lp})k_1 b

min{p,1—p} Capnd-1’

IA

P ({amlfoog ] o} m—y,ﬁ)



HIGHER-ORDER DERIVATIVES OF FIRST-PASSAGE PERCOLATION 19

where for the last inequality we used (73). The number of terms in the summations (75)
is really large ar£1> is exponential in k, because we are summing over all possibilities for
my, 7, 3, and . However, the number of terms depends only on k. Therefore, the last
inequality and (75) can be used to conclude that there exists a scalar 6 for which (74) is
satisfied. ([

Proof of Corollary 1. The denominator in the second term in (7) contains Hgﬂ’jﬂf . We find
a lower bound for this component using Cauchy’s inequality and (74).

omsflli = N9mf 1oy r20li < lOmfll2- /P (mf #0)
Vo
< lgmfll2- —=-
nz
19w £l2

. > C1logn, for some constant Cj.
In the case k = 2, we can also bound the first term on the right-hand side of (7) in the

following way

Hence, log Ton 7l

(p(1=p))SHE[9sf])* = (p(1-p) ¥ (E[0:f])

SCW;1<|S|<k iew
< (p(1=p) ZV,V (b—a)P(4)))’
2
< p(1—p)(b—a)*n’- <ndl—l)

= p(l 7p)(bia)2 ’ nd—2"

In dimension d > 2 this last quantity can be bounded by a constant, and is, therefore,
negligible and dominated by the second term. This proves the first of the two bounds in
(9). For the second bound, observe that ||dyf]|3 satisfies

|omfl3 = El[louf*] =E[|omsf*- 19y 120}]
2MI(b — a)B (A f #0).
Therefore, the second summation in (7) can be bounded by

number of sets M of k elements for which dj, f # 0.

It remains to notice that the numerator of each fraction in the summation contains
|Omf||5 which can be bounded from above by CoP(dy f # 0). Therefore, the right-hand
side of (7) is bounded by

IA

mﬂi [Ni], where Ni is the

C C
P(ouf#0) = E Lo r0] -
logznw‘:2 log?n \1\;:’2 s
and the last summation in the expected value is precisely the random variable N,. O

As mentioned earlier, we believe that the following conjectures are true, but we do not
know how to prove them.

Conjecture 2. In first passage percolation model, there exists a constant C independent
on N such that

Y louflz < C-N.

MCW,,|M|=2
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i
emmmmme —_------ .
h, Nl
4
4 Y
’ N
_________ \_ [P U |
<. >
S v
\\ ’
YZ‘\ /,yz
i

FIGURE 3. Example of an environment that proves (76).

Conjecture 3. In first passage percolation model, there exists a constant C independent
on N such that

Y loufflz < C-N.

MCW,,|M|=2

4. RELATIONSHIP BETWEEN INFLUENTIAL AND ESSENTIAL EDGES

We established in (26) that E; C A;. The following proposition shows that the reverse
inclusion does not hold.

Proposition 16. There exists ny such that for all n > n there exists an edge i for which the
following holds

A\E; # 0, (76)
E\(An{oi=a}) # 0. a7

Proof. Let us first construct an environment @ in E; N {@; = b}. This will be a sufficient
example to prove (77).

Let us take the straight line 7y in the graph. Let us pick one edge on this line ¥ and call
it i. Set wy to be b for k = i and for k outside 7. Set @y to be a for every edge [/ on the line
v that is different from i. Then 7 is the only geodesic. It passes through i although @; = b.

We now construct an environment @ in A; \ E;. Let us pick two paths 7y, and 7 that have
the same starting points and the same ending points. However, the paths y; and 9» have
sections that are reflections of each other, as shown in the Figure 3. We identify two edges
i1 €7\ % and i, €y \ 7 that are far away from each other. Consider the environment
o that has the value b on the edges i; and iy and on every edge outside of y; Uy,. The
environment @ has the value a on each edge from y; U \ {i1,i2}. The edges i; and i, are
influential. However, neither of them is essential, because in the unchanged environment
@, each of ¥ and }; is a geodesic. (]
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FIGURE 4. Example of an environment that proves (80).

Proposition 17. Assume that the real numbers a and b are such that there exist integers
kq and ky, for which ak, + bky, € (0,b — a). Then, there exists an integer ng and an edge j
such that for all n > ng, the following holds

ANE; # 0 (78)
E\A; # 0. (79)

Proof. Let us first prove (78). Let us consider two paths ¥ and 79 that have the same
starting points and the same ending points, but that contain sections that are sufficiently
far away from each other. The passage times are set to b for all edges outside of y; and
Y. Due our assumptions on a and b, we can make such choices for passage times on
discjoint sections of y; and 7, such that the difference T(y;,®) — T (72, ®) belongs to the
open interval (0, —a).

Then, let us identify an edge j on the section of y; far away from 7, that satisfies @; = b.
The path P is the only geodesic on @ and the path 7; is the only geodesic on G;‘(w). The

edge j is not semi-essential on @, however it is influential. Hence, ® € A; \E" .

The proof for (79) is similar. We can take the same construction that we used in the
proof of (78). This time, we identify an edge j' on the section }» that is far away from 7
and that satisfies @y = a. The path 9, is the only geodesic on @ and the path 7; is the only
b

geodesic on oy (w). Therefore, the edge j' is essential on @. However, the edge is not very

influential, because d; f(®) is strictly smaller than b —a. O

For a set V of edges, we defined Ey as Njcy E;. Therefore, it makes sense to generalize
the concept of essential edge and talk about essential sets of edges. Unfortunately, if we
define Ay = {dy f # 0}, the fundamental inclusion E; C A; does not generalize to sets
with more than one element. Let us consider the case V = {v;,v;}. The following two
propositions imply that Ey ¢ Ay and that Ay Z A, UA,,.

Proposition 18. For sufficiently large n, there are edges v and v, for which the following
holds

(3,0, f 201\ (A, UA,,) # 0. (80)

Proof. Let us consider two paths ¥ and y; from source to sink that have equal number of
edges and that have two sections sufficiently far apart, that are reflections of each other, as
shown in the Figure 4.

Let us identify two edges v and v, on 7} and their reflections w; and w; on 7. The
environment @ assigns b to every edge outside of U 7 and to the edges vy, v2, and ws.
The value a is assigned to YUy \ {vi,va, w2 }.



22 I. MATIC, R. RADOICIC, AND D. STEFANICA

FIGURE 5. Example of an environment that proves (81).

Neither v; nor v; is influential, because turning either ®,, or @,, from b to a would
result in both paths ¥ and y; being the geodesics.
However, 9, 9, f(®) = —(b—a) <0. Hence, ® € {d,,d,,f <0} C{d,,d,, f#0}. O

Proposition 19. For sufficiently large n, there exists edges v| and v, such that
(EVI mEVz) \ {8\11 avzf 7é O} 7é 0. (81)

Proof. Let us consider a straight line ¥ and let us identify two edges v; and v, on the
line y (see Figure 5). We will set the environment ® to satisfy @y, = b for every k & 7,
®,, = 0,, =b;and @y = afork € y\ {vi,n}.

The line 7y is the geodesic for sufficiently large n. Each of the edges v; and v, is essential,
hence w € E,, NE,,. Let L be the number of edges on the line y. The values of the function
f at the environments oy, 0 6,2 for (ay, ) € {a,b}* are

f(ohooh(@) = (L-2)a+2;
f(crﬁl ocfz(w)) = (L—1)a+b;
f(ohooh(@) = (L=Da+b;
f(o) ool (w) = La.
Therefore, the value of ., ., /() is 0 and @ & {3y, 4, f # 0} O

5. THEOREMS AND CONJECTURES ABOUT L? BOUNDS

One possible starting point for establishing L> bounds for the higher order derivatives
is the formula (6). This formula can be used together with an obvious O(n) bound for the
variance. For example, if we fix k > 2, we can use (6) to obtain

cn > var(f)> Y (p(1-p) (Edsf]), (82)

|S|=k

for some constant C. There is an order of O(1*?) subsets of cardinality k. Many of them
will have the environment derivatives equal to 0: for example those that have elements
very far away that would guarantee that no geodesic can go through all of them. However,
even if we request that elements of S are close to each other, the number of such sets S is of
order O(n*?). Let .%; be any family of subsets of S whose cardinality is k. We can further
restrict the summation in (82) to the family .%; and obtain

cn > Y (p(1-p)* (E[9sf))*

SeF;,
o kd 2
= € min (E[9sf])"- (83)

The inequality (83) now implies the following result.
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Proposition 20. If % is a family of subsets of cardinality k of edges of the graph and if
the number of elements in the family Fy, is larger than or equal to C-n*, for some fixed
constant C, then there exists a constant D such that
. 1
;TGH%E[&S]C] < D.n,@?. (34)
The following two conjectures are easy to believe and we hope that they will be proved
soon at least for small values of k—especially in the torus model.

Conjecture 4. Assume that k > 2 is fixed. If S is a set of edges cardinality k such that
E[dsf] # 0. There exists a family F of k-element subsets of edges that contains S and a
constant C > 1 such that |.7| > Cn* and

©Rsr1/ERsr) € ( 3.C).
forevery S' € Z.

We have seen that higher order derivatives can be negative. However, constructing envi-
ronments with negative derivatives is harder than constructing environments with positive
derivatives. So, it is natural to conjecture that E[dsf] > 0. Unfortunately, this is not true
for some sufficiently strange sets S as the following propositions shows.

Proposition 21. [t is possible to choose the parameters a and b and the set S of cardinality
2 such that E[ds f] < 0.

Proof. Assume that a and b satisfy b < 3a. Let i be the edge that connects the starting point
(0,0,...,0) with (1,0,...,0). Let j be the edge that connects (1,0,...,0) with (2,0,...,0).
For this choice of i and j, we will prove that

(Vo € Q) dijf(w) <0 and (85)
(3@) € .Q) 8,~7jf((2)) <O0. (86)

We will first prove (85). We will first establish the following implication:
0"@) ¢ EENE; = i,/ <0. (87)

The implication holds for every choice of i and j. If Gf_?’a)(a)) € ch, then proposition 2

implies that f (O'islj’b) (0)=f (Giﬁffa)

duf@) = —(f(of(0)~f(ofs' (@) <.

Assume, now, that G[(i’."“)

()), hence

() € E;. The proposition 2 implies

£(62% (@) = (64 (@)) + (b—a),

hence
dif(@) = (f(!)(@)~ (o) (@)~ (b—a)<o0.

This completes the proof of the implication (87). Let w € Q. We may assume that

Gi(‘l;’“) (w) € E"lc NEj, as otherwise (87) would immediately imply (85). Let y be any geo-

desic on Gi([;’a) (). It must go through j and omit i. This geodesic starts at the origin and
must reach the point (1,0,...,0) so it can go through j. It must go through at least 3 edges.

If they all have values a, the passage time is at least 3a. However, if we change this section
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FIGURE 6. Example of an environment that proves (86).

of the path and replace it with the edge i, then the passage time will become b, instead of
3a. We assumed that b < 3a. This contradicts the fact that y is a geodesic.

We now need to prove (86)—that there is an environment @ such that d; ; f(®) < 0.

Let V denote the terminal point with coordinates (n,0,...,0). Let 91 be the path from
the origin to V that consists of the following three line segments:

e The first segment connects the origin with the point L; whose coordinates are (0,

10,0, ...,0);
e The second segment connects the point L; with the point R; with coordinates (n,
10,0, ...,0);

e The third segment connects R; with the terminal point V.
Let 5 be the path from the origin to V that consists of the following four segments:

o The first segment consists of the edges i and j;

e The second segment connects the right endpoint of j with the point L, whose
coordinates are (2,—10,0,...,0);

o The third segment connects the point L, with the point R, whose coordinates are
(n,—10,0,...,0);

e The fourth segment connects the point R, with the point V.

The environment @ assigns b to every edge outside of ; U %. Let us identify one edge &
on the section of the path y; between L; and Ry and assign the value b to the edge £. Every
edge on ¥ \ {&} and every edge on  \ {i, j} is assigned the value a.

The passage time over 7 is

T(y1,®)=20+n—1)a+b=na+ 19a+0>.

The passage time over the straight line that connects the origin with V is larger than
na+ 19a + b for sufficiently large n. Indeed, regardless of the choice of de {a,b}?, the
passage time over that straight line is greater than or equal to 2a 4 (n — 2)b on each of
G;.]{-) (®). The number 2a + (n — 2)b is larger than na + 19a + b whenever

17a+3b
> h_a
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Let us now evaluate the passage times over %».

(727 ,(j ) a)) = na+20a;

(}’27 ij ) = na+19a+b;
(}’2, ,(] 9 > = na+19a+ b;
(Y27 ,(1; b)a)) = na+ 18a+2b.

On each of the environments o, 3 ( @), the smallest passage time is the minimum of the

passage times over ¥; and 7». On the environment 0'< )( @) the minimum is over the path
7 and the value of the first-passage percolation f is na +20a. On all other environments,
the value of f is na+ 19a + b. Therefore,

9, f(®) = na+19+b—2(na+19a+b)+na+20a=—(b—a).
Therefore, d; ; f(®) is strictly smaller than 0. Since the probability space is finite, we are
allowed to conclude that E[d; ; f] < 0. O

It is also possible to find sets S for which ds f have positive expected value.

Proposition 22. It is possible to choose the parameters a and b and the set S of cardinality
2 such that E[ds f] > 0.

Proof. Assume that a and b satisfy b < 3a. Let i be the edge that connects the starting
point (0,0,...,0) with (0,1,...,0). Let j be the edge that connects the starting point with
(0,—1,...,0). For this choice of i and j, we will prove that

(V(D S .Q) 8l-,jf(a)) >0 and (88)
(Ho € Q) di,;f(®) > 0. (89)

We will first prove (88). We will first establish the following implication:
0% (w) ¢ ENE; = d;;f>0. (90)

If we assume that Gﬁ?m (w) € EF, then the proposition 2 implies

£(6" (@) = £(614 (@)

Therefore,
b.b b
Aif(@) = (0" (@)~ f(of;" (@) 2 0.
In an analogous way we prove that .(“.’”)( ) € EJC implies d; jf(w) > 0. Let us now

assume that @ is an environment such that G( )( ®) € E;NE;. Then, each geodesic must
go through both i and j, which is impossible. Thls completes the proof of (88).

Let us prove (89). Let V denote the terminal point with coordinates (n,0,...,0). Let ¥
be the path from the origin to V that consists of the following three line segments:

e The first segment connects the origin with the point L; whose coordinates are (0,

2,0,...,0);
e The second segment connects the point L; with the point R; with coordinates (n,
2,0,...,0);

o The third segment connects R; with the terminal point V.
Let 75 be the path from the origin to V that consists of the following four segments:
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FIGURE 7. Example of an environment that proves (89).

e The first segment connects the origin with the point L, whose coordinates are (0,

-2,0,...,0);
e The second segment connects the point L, with the point R, with coordinates (n,
-2,0,...,0);

e The third segment connects R, with the terminal point V.
The environment @ assigns b to every edge outside of ¥, Uy, and the value a to every edge
on ¥ Uy \ {i, j}. We can choose n to be large enough that the straight line segment from
0 to V is not a geodesic on any of the environments 0'1.5‘.)((2)) for o € {a,b}2. The passage
time over the segment between 0 and V is nb. The passage time over each of y; and 7 is
either (n+4)a or (n+ 3)a+ b. These will be smaller than nb if we choose

. 3a+b .
b—a
The first-passage percolation times on Gi(_?’a)((b), Gl-{j-’b)(d)), and Giflj’a) (@) are (n+4)a.
The first-passage percolation time on O'ifl;’b) (@) is (n+3)a+ b. Therefore,
diif(®) = (n+3)a+b—-2-(n+4)a+(n+4)a=b—a>0.
This completes the proof of (89) and, hence, of the proposition. O

We believe that there are some reasonable conditions on S that avoid sets like those in
proposition 21.

Conjecture 5. For most sets S, the expected value of dsf is non-negative.
Moreover, it is likely that the following conjecture is true.

Conjecture 6. Assume that k > 2 is fixed. There is a real number 6 € (0, 1) such that for
most reasonable sets S of edges of cardinality k and every positive m,

P(dsf = —m) < P(dsf =m).

The conjecture 6 would imply that E[ds f] is comparable to P(dsf # 0), i.e. that there
is a constant Cy > 1 such that E [dsf] /P (dsf # 0) € (1/C,Cy).

The conjectures 4 and 6 and the proposition 20 would imply that each of P(dsf # 0),
l[9sfll1, and ||dsf]|» is bounded above by Dn="T". Even these bounds would not be
sufficient to improve the variance bounds. For improving the variance in the torus model,
the following, harder, conjecture is needed for at least one integer k£ > 3.
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Conjecture 7. Fix k > 3. There exists a constant 0 € (0, %) such that for sufficiently
general choice of the set S of edges of cardinality k and it subset S’ of cardinality k — 1, the
following holds

n®P(dsf #0) =~ P(dg f #0).
The conjecture 7 would be a major step towards obtaining the algebraic bound O(n%)

in dimension d for @ = 1+ 26 — d. Indeed, together with conjectures 4 and 6, the sum of
L? norms of derivatives of order k — 1 would be bounded by

kd—1

2
D
pk=1d | ( .ne)) _ pYykd—d—kd+1426 _ 2 o
n 2

APPENDIX A. IDEMPOTENT FUNCTIONS

Proof of Proposition 3. If x € y(R), then there is z € R such that x = y/(z). We now have
y(x) = y(y(z)) = y(z) = x, hence x = y(x). This proves Y(R) C {x € R: y(x) = x}.
O

The reverse inclusion is obvious.

Proof of Proposition 4. The equality (19) will follow from the following four inclusions

v (v {(Q)NER)) Cyly '(Q) CONW(R) Cy ' (Q)NY(R)
C v(v '(QNER)). o1

The first two of the inclusions hold for all functions ¥ and &, not just the idempotent ones.
Indeed, y~1(Q)NE(R) C w~'(Q) implies the first inclusion; the relation y(y~!(Q)) C Q
holds for all y and Q, while y~!(Q) C R implies w(y~!(Q)) C w(R).
Let us now prove the third inclusion. Assume that x € QN y(R). We need to prove that
x € y~1(Q). From (18) we have x = y(x) which is sufficient to conclude that y(x) € Q.
We now prove the fourth inclusion in (91), i.e.

v I (Q)NYR) < yw(y HQ)NER)).

Letx € v~ !'(Q)Ny(R). We need to prove that there exists an element y of the set y ! (Q) N
E(R) such that y(y) = x. We will prove that we may take y = £(x). We must prove
that w(y) =x, y € y~1(Q), and y € £(R). The last assertion, that y € &(R), is obvious
because of our choice y = £(x). Since x € W(R), the equality (18) implies x = y(x) =
v(&(x)) = w(y), which implies the first assertion that y(y) = x. The second assertion,
y € y~1(Q), follows from y(y) = w(&(x)) = w(x) € Q, which holds due to our assumption

xey Q). O

Proof of Proposition 5. Since w*(R) U w”(R) = R, it suffices to prove the following four
inclusions

Eny*(R) < (v (E), (92)
Enyb(R) < (v Y(E), (93)
w%<> Ny‘(R) < E, (94)
v)) U E)nyP(R) C E. 95)

We will first apply (19) to v = l//“ and Q = E. We won’t use the first equality, so we don’t
have to make a choice for &.

Eny“(R) = (w*)""(E)Ny“(R) C (y*)"\(E),
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which implies (92). Now we use our assumptions E C E and (y*)"1(E) C (y*)~1(E).
We apply (19)to y =y’ and Q = E.

Eny’(R) CEny’(R) = (") "(E)ny"(R) € (v*) ' (E) C (y*) (E).
The last inclusion implies (93).
We now prove (95). We apply (19)to y = y? and Q = E.

W) (E)NY'(R)=ENy’(R) CE.
For the proof of (94), we use the assumptions E C £ and (y*)~'(E) C (y*)~!(E) and
apply (19)to y =y and Q =E.

(W) N (E) Ny (R) € ()T (E)Ny*(R) =ENy“(R) CECE.
This completes the proof of (94). O
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