29-th International Mathematical Olympiad
Canberra, Australia, July 9-21, 1988

First Day — July 15

1. Consider two concentric circles of ra&iandr (R > r) with centerO. Fix P on
the small circle and consider the variable chBdof the small circle. Point8
andC lie on the large circleB, P,C are collinear an®C is perpendicular té\P.

(a) For which value(s) of OPAis the sumBC? + CA? + AB? extremal?

(b) What are the possible positions of the midpoldtef BAandV of AC as
£OPAvaries? (Luxembourg)

2. Letn be an even positive integer. LA{, Ay, ...,Ay. 1 be sets having elements
each such that any two of them have exactly one element in comwwhile every
element of their union belongs to at least two of the givea.debr whichn can
one assign to every element of the union one of the numbersl @ &msuch a
manner that each of the sets has exautly zeros? (Czechoslovakia)

3. Afunctionf defined on the positive integers (and taking positive integkies)
is given by f(1)=1, f(3)=3,
f(2n) = f(n),
f(dn+1)=2f(2n+1) — f(n),
f(4n+3) = 3f(2n+1) — 2f(n),

for all positive integers. Determine with proof the number of positive integers
less than or equal to 1988 for whidtin) = n. (Great Britain)

Second Day — July 16

4. Show that the solution set of the inequality
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is the union of disjoint half-open intervals with the sum erfigths 1988.
(Ireland)

5. In a right-angled triangl&BC let AD be the altitude drawn to the hypotenuse
and let the straight line joining the incenters of the tri@s@BD, ACD intersect
the sidesAB, AC at the pointK, L respectively. IfE andE; denote the areas of

. . E
the trianglesABCandAKL respectively, show thaﬁ > 2. (Greece)
1
6. Leta andb be two positive integers such thatt+ 1 dividesa® + b?. Show that
a2+ b? .
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