
46-th International Mathematical Olympiad
Mérida, Mexico, July 8–19, 2005

First Day – July 13

1. Six points are chosen on the sides of an equilateral triangle ABC: A1,A2 on BC;
B1,B2 on CA; C1,C2 on AB. These points are vertices of a convex hexagon
A1A2B1B2C1C2 with equal side lengths. Prove that the linesA1B2, B1C2 and
C1A2 are concurrent. (Romania)

2. Let a1,a2, . . . be a sequence of integers with infinitely many positive termsand
infinitely many negative terms. Suppose that for each positive integern, the
numbersa1,a2, . . . ,an leaven different remainders on division byn. Prove that
each integer occurs exactly once in the sequence.

(Netherlands)

3. Letx,y andzbe positive real numbers such thatxyz≥ 1. Prove that

x5−x2

x5 +y2+z2 +
y5−y2

y5 +z2 +x2 +
z5−z2

z5 +x2+y2 ≥ 0. (South Korea)

Second Day – July 14

4. Consider the sequencea1,a2, . . . defined by

an = 2n +3n+6n
−1 (n = 1,2, . . .).

Determine all positive integers that are relatively prime to every term of the se-
quence. (Poland)

5. LetABCDbe a given convex quadrilateral with sidesBC andAD equal in length
and not parallel. LetE andF be interior points of the sidesBC andAD respec-
tively such thatBE = DF. The linesAC andBD meet atP, the linesBD andEF
meet atQ, the linesEF andAC meet atR. Consider all the trianglesPQRasE
andF vary. Show that the circumcircles of these triangles have a common point
other thanP.

(Poland)

6. In a mathematical competition 6 problems were posed to thecontestants. Each
pair of problems was solved by more than 2/5 of the contestants. Nobody solved
all 6 problems. Show that there were at least 2 contestants who each solved
exactly 5 problems. (Romania)
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