50-th International Mathematical Olympiad
Bremen, Germany, July 10-22, 2009

First Day — July 15

1. Letnbe a positive integer and lat, . .., ax (k> 2) be distinct integers in the set
{1,...,n} such than dividesa; (a1 — 1) fori =1,...,k— 1. Prove thah does
not divideax(a; — 1).

2. Let ABC be a triangle with circumcenté&. The pointsP andQ are interior
points of the side€A andAB, respectively. LeK, L andM be the midpoints
of the segment8P, CQ, andPQ, respectively, and leff be the circle passing
throughK, L, andM. Suppose that the lineQ is tangent to the circl€. Prove
thatOP = OQ.

3. Suppose thad;,sp,s3,... is a strictly increasing sequence of positive integers
such that the subsequences

351755275535"' and 551+15852+178§3,+17"'

are both arithmetic progressions. Prove that the sequergess, . .. is itself an
arithmetic progression.

Second Day — July 16

4. Let ABCbe a triangle withAB = AC. The angle bisectors of CABand Z/ABC
meet the side8C andCA at D andE, respectively. Let Kbe the incenter of
triangleADC . Suppose that BEK = 45°. Find all possible values of CAB.

5. Determine all function$ from the set of positive integers to the set of positive
integers such that, for all positive integerandb, there exists a non-degenerate
triangle with sides of lengths

a, f(b) and f(b+ f(a)—1).
(A triangle isnon-degenerati its vertices are not collinear.)

6. Letas,ay,...,an be distinct positive integers and gt be a set oh — 1 positive
integers not containing=a; +ax + --- + an. A grasshopper is to jump along
the real axis, starting at the point 0 and makinjgmps to the right with lengths
a1, ay,...,ay in some order. Prove that the order can be chosen in such a way
that the grasshopper never lands on any poiMin

The IMO Compendium Group,
D. Djukic, V. Jankovic, I. Mati¢, N. Petrovit
www.imomath.com

www.imomath.com



